Zhang Wenpeng 



editor 

Scientia Magna 



International Book Series 
Vol. 3, No. 3 




2007 



Editor: 



Dr. Zhang Wenpeng 
Department of Mathematics 
Northwest University 
Xi’an, Shaanxi, P. R. China 



Scientia Magna 

- international book series (Vol. 3, No. 3) - 






2007 




This book can be ordered in a paper bound reprint from: 



Books on Demand 

ProQuest Information & Learning (University of Microfilm 
International) 300 N. Zeeb Road 

P.O. Box 1346, Ann Arbor MI 48106-1346, USA Tel.: 1-800-521- 

0600 (Customer Service) 

http://wwwlib.umi.com/bod/basic 



Copyright 2007 by High American Press, editor and authors 



Many books can be downloaded from the following 

Digital Library of Science: 

http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm 



ISBN 13: 978-1-59973-045-5 

in QltScA 



Information for Authors 



Papers in electronic form are accepted. They can be e-mailed in Microsoft Word XP 
(or lower), WordPerfect 7.0 (or lower), LaTeX and PDF 6.0 or lower. 

The submitted manuscripts may be in the format of remarks, conjectures, 
solved/unsolved or open new proposed problems, notes, articles, miscellaneous, etc. They 
must be original work and camera ready [typewritten/computerized, format: 8.5x11 inches 
(21,6 x 28 cm)]. They are not returned, hence we advise the authors to keep a copy. 

The title of the paper should be writing with capital letters. The author's name has to apply 
in the middle of the line, near the title. References should be mentioned in the text by a 
number in square brackets and should be listed alphabetically. Current address followed by 
e-mail address should apply at the end of the paper, after the references. 

The paper should have at the beginning an abstract, followed by the keywords. 

All manuscripts are subject to anonymous review by three independent reviewers. 
Every letter will be answered. 

Each author will receive a free copy of this international book series. 




Contributing to Scientia Magna book series 



Authors of papers in science (mathematics, physics, engineering, philosophy, 
psychology, sociology, linguistics) should submit manuscripts to the main editor: 



Prof. Dr. Zhang Wenpeng, Department of Mathematics, Northwest University, Xi’an, 
Shaanxi, P. R. China, E-mail: wpzhang@nwu.edu.cn. 



Associate Editors 

Dr. W. B. Vasantha Kandasamy, Department of Mathematics, Indian Institute of 
Technology, IIT Madras, Chennai - 600 036, Tamil Nadu, India. 

Dr. Larissa Borissova and Dmitri Rabounski, Sirenevi boulevard 69-1-65, Moscow 
105484, Russia. 

Dr. Liu Huaning, Department of Mathematics, Northwest University, Xi’an, Shaanxi, 
P.R.China, E-mail: hnliu@nwu.edu.cn. 

Prof. Yi Yuan, Research Center for Basic Science, Xi’an Jiaotong University, Xi’an, 
Shaanxi, P.R.China, E-mail: yuanyi@mail.xjtu.edu.cn. 

Dr. Xu Zhefeng, Department of Mathematics, Northwest University, Xi’an, Shaanxi, 
P.R.China, E-mail: zfxu@nwu.edu.cn. 

Dr. Zhang Tianping, College of Mathematics and Information Science, Shaanxi 
Normal University, Xi’an, Shaanxi, P.R.China, E-mail: tianpzhang@eyou.com. 




Contents 



F. Ayatollah, etc. : Some faces of Smarandache semigroups’ concept in 

transformation semigroups’ approach 1 

G. Feng : On the F. Smarandache LCM function 5 

N. Quang and P. Tuan : An extension of Davenport’s theorem 9 

M. Zhu : On the hybrid power mean of the character sums and the general 

Kloosterman sums 14 

H. Yang and R. Fu : An equation involving the square sum of natural numbers 

and Smarandache primitive function 18 

X. Pan and P. Zhang : An identity involving the Smarandache function e p {n ) 26 

A. A.K. Majumdar : A note on the Smarandache inversion sequence 30 

F. Li : Some Dirichlet series involving special sequences 36 

Y. Wang : An asymptotic formula of Sk(n\ ) 40 

S. Gao and Z. Shao : A fuzzy relaxed approach for multi-objective 

transportation problem 44 

J. Li : An infinity series involving the Smarandache-type function 52 

B. E. Carvajal-Gamez, etc. : On the Lorentz matrix in terms of Infeld-van der 

Waerden symbols 56 

X. Li : On the mean value of the Smarandache LCM function 58 

K. Ran and S. Gao : Ishikawa iterative approximation of fixed points for 

multi-valued </>— strongly pseudo-contract mappings 63 

X. Fan : On the divisibility of the Smarandache combinatorial sequence 70 

X. Yan : On the Smarandache prime part 74 

W. He : The existence of solutions to the Direchlet problem 78 

C. Aguilar-Chavez, etc. : On the fifth-kind Chebyshev polynomials 82 

S. Luo : Deficient functions of random Dirichlet series of finite order in the half plane 85 
J. Li : On the Pseudo-Smarandache-Squarefree function 93 

L. Cheng : On the mean value of the Pseudo-Smarandache function 97 

W. He : A class of exact solution of the BBM equation 101 

C. Tian : An equation involving the two Smarandache LCM dual functions 104 

Y. Guo : About Smarandache prime additive complement 108 

Y. Lu : Some new problems about the Smarandache function and related problems 110 



IV 




Scientia Magna 
Vol. 3 (2007), No. 3, 1-4 



Some faces of Smarandache semigroups’ concept 
in transformation semigroups’ approach 

F. Ayatollah Zadeh Shirazi^ and A. Hosseiiib 

f Fatemah Shirazi Ayatollah Zadeh Shirazi, Faculty of Mathematics, Statistics, and Computer 
Science, College of Science, University of Tehran 
Enghelab Ave., Tehran, Iran 
e-mail: fatemah@khayam.ut.ac.ir 

| Arezoo Hosseini, Department of Mathematics, Faculty of Science, Guilan University 

Manzarieh Ave., Rasht, Iran 

Abstract In the following text, the main aim is to distinguish some relations between Smarad- 
che semigroups and (topological) transformation semigroups areas. We will see that a transfor- 
mation group is not distal if and only if its enveloping semigroup is a Smarandache semigroup. 
Moreover we will find a classifying of minimal right ideals of the enveloping semigroup of a 
transformation semigroup. 

Keywords A— minimal set, distal, Smarandache semigroup, transformation semigroup. 

§1. Preliminaries 

By a transformation semigroup (group) (X,S,tt) (or simply (X, S)) we mean a compact 
Hausdorff topological space X , a discrete topological semigroup (group) S with identity e and 
a continuous map ir : X x S — > X (n(x, s ) = xs ( \/x € X, Vs € S)) such that: 

1) \/x £ X, xe = x, 

2) \/x € X, \/s,t £ S, x(st) = ( xs)t . 

In the transformation semigroup (X, S) we have the following definitions: 

1. For each s £ S, define the continuous map n s : X — > X by xtt s = xs (\/x £ X), 
then E(X,S)(or simply E(X)) is the closure of {7r s | s £ S} in X x with pointwise convergence, 
moreover it is called the enveloping semigroup (or Ellis semigroup) of (X, S). We used to write 
s instead of 7r s (s G S). E(X,S) has a semigroup structure [1, Chapter 3], a nonempty subset K 
of E(X,S) is called a right ideal if KE(X,S)C K , and it is called a minimal right ideal if none of 
the right ideals of E(X,S) be a proper subset of K. For each pgE(X), L p : E(X)— > E(X) with 
L p (q) = pq (q £ E(X)) is continuous. 

2. Let a £ X, A be a nonempty subset of X and K be a closed right ideal of E(X,S)[2, 
Definition 1]: 

1) We say I\ is an a— minimal set if: aK = aE(X, 5), K does not have any proper subset 
like L, such that L is a closed right ideal of E(X, S) and aL = aE(X, S). The set of all 
a— minimal sets is denoted by M^g^a). 
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2) We say K is an A — minimal set if: Mb £ A bK = frE(A, S), K does not have any proper 
subset like L , such that L is a closed right ideal of E(A, S) and bL = frE(A, S) for all b £ A. 
The set of all A — minimal sets is denoted by M(_y,s)(A). 

3) We say K is an A — minimal set if: AK = AE(X, S), K does not have any proper subset 
like L, such that L is a closed right ideal of E(A, S) and AL = AE(A, S). 

The set of all A — minimal sets is denoted by M(x,s)(A). M(x,s)(A) and M(x,s)( a ) are 
nonempty. 

3. Let a £ X, A be a nonempty subset of X [2, Definition 13]: 

1) ( X , S) is called distal if E(X, S) is a minimal right ideal. 

2) ( X , S) is called a— distal if M(x,s)(a) = {E(A, S)}. 

3) (A,S) is called A®distal if M {X , S) (A) = {E(A,S)}. 

4) (A,S) is called A®distal if M (X , S) (A) = {E(A,S)|. 

4. Let a £ A, A be a nonempty subset of A and C be a nonempty subset of E(A, S), we 
introduce the following notations F(a, C) = {p £ G| ap = p}, F(A, C) = {p £ C\ Mb £ A bp = p}, 
F(A, C) = {p £ C | Ap = A }, J(C) = {p £ C\p 2 = p} (the set of all idempotents of C), 
M(X,S) = {9 / B C X\MK £ M {X ,S)(B) J(F (B,K)) ± 0}, and tt(X,S) = {0 ^ B C 
A| M {XiS) (B) ± 0 A (MK £ M (XjS) (B) J(F (B, K)) £ 0)}. 

In the following text in the transformation semigroup (A, S) suppose S acts effective on 
A, i.e. , for each s, t £ S if s ^ t, then there exists x £ X such that xs ^ xt. Moreover consider 
S' is a Smarandache semigroup if S has a semigroup structure which does not provides a group 
structure on S, although S has at least a proper subset with more than one element, which 
carries a group structure induced by the action considered on S [3, Chapter 4]. 

§2. Proof of the theorems 

Theorem 1. Transformation group (A, G) (with |G| > 1) is not distal if and only if 
E(A, G) is a Smarandache semigroup. 

Proof. If E(A', G ) is a Smarandache semigroup if and only if it is not a group (since 
G C E(A, G)), and by [1, Proposition 5.3], equivalently (A, G) is not distal. 

Theorem 2. In the transformation semigroup (A, S'), if a £ A C A, and S is a Smaran- 
dache semigroup, then we have: 

1. E(A, S) is a Smarandache semigroup if and only if (A, S) is not distal; 

2. If F(a, E(A')) is a Smarandache semigroup, then (A', S) is not a— distal; 

3. If A £ M(A) and F(A, E(A')) is a Smarandache semigroup, then (A, S) is not A— distal; 

4. If A £ M(A) and F(A, E(A')) is a Smarandache semigroup, then (A, S) is not A— distal. 

Proof. 

1. If (A', S) is not distal, then E(A) is not a group (see [1, Proposition 5.3]), S' is a 
Smarandache semigroup thus there exists a group A C S C E(A, S), such that | A| > 1. 

2, 3, 4. Use [2, Theorem 18] and a similar method described for (1). 

Lemma 3. In the transformation semigroup (A, S) if I a minimal right ideal of E(A) 
(resp. (3S), then at least one of the following statements occurs: 

1) I is a Smarandache semigroup; 
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2) I is a group (or equivalently |J(/)| = 1); 

3) / = J(/). 

Proof. In the transformation semigroup ( X , S) if / is a minimal right ideal of E(X) (resp. 
(3S), then {Iv : v £ J(/)} is a partition of I to some of its isomorphic subgroups, and for each 
v £ J(I ), Iv is a group with identity v (see [1, Proposition 3.5]). 

Theorem 4. In the transformation semigroup ( X , S ) , at least one of the following state- 
ments occurs: 

1) For each / minimal right ideal of E(X), I is a Smarandache semigroup; 

2) For each / minimal right ideal of E(A'), I is a group (or equivalently |J(/)| = 1); 

3) For each / minimal right ideal of E(A'), I = J (/). 

Proof. We distinguish the following steps: 

Step 1. If I and J are minimal right ideals of E(A, S) and v £ J(J), then L v \j : I —> J 
is bijective, since where exists u £ J(I) with uv = u and vu = v ([1, Proposition 3.6], thus 
I'u | J o J v | / = id/ . 



Step 2. If I and J are minimal right ideals of E(X, S ) and / is a Smarandache semigroup, 
then there exists H C I such that H is a group with more than one element, suppose u be the 
identity element of H , then Iu is a subgroup of I with identity u and Iu ^ it, choose v £ J(J) 
such that uv = u and vu = v, vlu{= L v (Iu )) is a subgroup of J with identity v, moreover 
\vlu\ = \Iu\ > \H\ > 1 and since L v ]/:/—> J is bijective and Iu ^ I, thus vlu ^ J, therefore 
J is a Smarandache semigroup. 

Step 3. If there exists minimal right ideal I of E(AT) such that I is a group, it means 
|J(/)| = 1, since for each minimal right ideal J of E(X), we have |J(J)| = |J(J)|, thus J has a 
unique idemppotent element say v. {Jv} = {Jw : w £ J(J)} is a partition of J to some of its 
isomorphic subgroups, thus Jv = J is a group. 

Step 4. If none of minimal right ideals of E(X) satisfies items 1 and 2 in Lemma 3, then 
by Lemma 3, all of them will satisfy item 3 in Lemma 3. 

Using Lemma 3, will complete the proof. 

Example 5. Let X = : n £ N} U {0} U {—1, —2} with the induced topology of R; 

S = {tp 1 ^ : i, j £ N U {0}} with discrete topology, where : X — X and ip : X — > A such 
that : 



XI j) 



' x = -2 

-2 x = -l 

0 a; £ A- {-1,-2} 



xip = 



i 

71+ 1 

X 



x = i,n £ N 

x £ { 0 , — 1 , — 2 } 



and '0° = ip° = id_Y, then S' is a Smarandache semigroup(under the composition of maps) since 
A = {0,id.\'} is a subgroup of S , moreover in the transformation group (X,S), E(X) = S. 

Example 6. If A = [0, 1] with induced topology of R, and G := {/ : [0, 1] — > [0, 1] is 
a homeomorphism} with discrete topology, then E(X, G ) is a Smarandache semigroup since it 
contains G and it is not a group, note that if: 



xp := 



0 0 < x < \ 

1 I < x < 1 
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On the F.Smarandache LCM function 1 

Guoping Feng 

Department of Mathematics, Tianshui Normal University 
Tianshui, Gansu, P.R.China 

Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) is 
defined as the smallest positive integer k such that n | [1, 2, • • • , k\, where [1, 2, • ■ ■ , k ] 
denotes the least common multiple of 1, 2, • • • , k. The main purpose of this paper is using 
the elementary methods to study the value distribution properties of the function SL(n), and 
give an interesting asymptotic formula for it. 

Keywords F.Smarandache LCM function, value distribution, asymptotic formula. 



§1. Introduction 

For any positive integer n, the famous F.Smarandache LCM function SL(n) defined as the 
smallest positive integer k such that n | [1, 2, • • • , k], where [1, 2, • • • , At] denotes the least 
common multiple of 1, 2, • • • , k. For example, the first few values of SL[n ) are SUV) = 1, 
SL{ 2) = 2, SL( 3) = 3, SL( 4) = 4, SL{ 5) = 5, SL{<6) = 3, SL( 7) = 7, SL{ 8) = 8, SL{ 9) = 9, 
SX(10) = 5, SL( 11) = 11, SL{ 12) = 4, SX(13) = 13, SL(U) = 7, SL{ 15) = 5, 51,(16) = 16, 

SL( 17) = 17, SL( 18) = 9, SL(20) = 5, About the elementary properties of SL(n), 

some authors had studied it, and obtained many interesting results, see reference [2], [3], [4] 
and [5]. For example, Murthy [2] showed that if n be a prime, then SL{n) = S(n), where 
S(n) denotes the Smarandache function, i.e., S(n) = min {to : n|m!, to £ N}. Simultaneously, 
Murthy [2] also proposed the following problem: 

SL[n) = S(n), S(n) ^ n ? (1) 

Le Maohua [3] completely solved this problem, and proved the following conclusion: 

Every positive integer n satisfying (1) can be expressed as 

1 O Q! 1 Oto Oir 

n = 12 or n = p 1 p 2 ---Pr p , 

where pi, P 2 , • • ■ , p r , P are distinct primes, and «i, « 2 , ■ ■ ■ , a r are positive integers satisfying 
P>Pi \ i = 1, 2, •••, r. 

Lv Zhongtian [4] studied the mean value properties of SL(n), and proved that for any fixed 
positive integer k and any real number x > 1, we have the asymptotic formula 



1 This work partly supported by the N.S.F.C. (10671155). 
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E SL («) 

n<x 



7T 

12 



x 

Inx 



k 

E- 

»= 2 



In 1 



O 



In 



fe+i , 



where Cj (* = 2, 3, • • • , k) are computable constants. 

Ge Jian [5] studied the value distribution of [SL(n) — S(n)] 2 , and proved that 



E [SL(n) - S(n)} 2 

n<x 




where £(s) is the Riemann zeta-function, Ci (i = 1, 2, • • • , k) are constants. The main purpose 
of this paper is using the elementary methods to study the value distribution properties of 
SL(n ), and prove an interesting asymptotic formula. That is, we shall prove the following 
conclusion: 

Theorem. For any real number x > 1, we have the asymptotic formula 

E l = 2^[ 1+ °(W], 

neN 

SL(n)<x 

where N denotes the set of all positive integers. 

From this Theorem we may immediately deduce the following: 

Corollary. For any real number x > 1, let ir(x) denotes the number of all primes p < x, 
then we have the limit formula 

1 

7T(X) 

= 2 . 



lim 



E i 

neN 

.SL(n)<x 



§2. Proof of the theorem 

In this section, we shall prove our theorem directly. Let x be any real number with x > 2, 
then for any prime p < x, there exists one and only one positive integer a(p) such that 

p a{p) <x< p a ^ +1 . 

From the properties of SL[n ) and [2] we know that if n = p^p^ 2 ■ ■ • p% k be the factorization 
of n into primes powers, then 

SL{n) =max{p“ 1 , p“ 2 , ••• , p“ r }. (2) 

Let m = p a ( p K Then for any integer d\m, we have SL(d) < x. For any positive integers 

u and v with (u, v) = 1, if SL(u ) < x, SL(y) < x, then SL(uv) < x. On the other hand, for any 
SL(n) < x , from the definition of SL{n) we also have n\m. So from these and the properties 
of the Dirichlet divisor function d(n) we have 
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_ H ln ( 1 + a (P)) 

e 1 = e i= n + «(p)) = eP - x • (3) 

n£iV d\m p<x 

SL(n)<x 

From the definition of a(p) we have a{p) < < a(p) + 1 or 



a(p) = 

Therefore, from (4) we may immediately get 



In a; 

Inp 



(4) 



Eln(l + a (p)) = E ln ( 1 + 
- E m(i 

p<d!h v 



In a; 

Inp 



In x 

lnp 



Now we estimate each term in (5). It is clear that 

In x 



E ln 1 



P< 7 



lnp 



E M* 

si ~i<p^ x 



<C ^ ln ln x -C 



x ln ln x 
In 3 x 



ln: 



2 ln ln x 



lna; 

lnp 



(5) 



( 6 ) 



If —5— <p<x, then 1 < < H 

In x ln p In x — 2 ln ln x 



. So from the famous Prime Theorem 



, , x „ / x 

ir(x) = 1- O 

Inr 



In 2 x 



and 



we have 



ln(l + y) ~ y, as y ► 0, 



E ln ( 1 

l — <p<x 



ln x 
ln p 



E 1 ” 2+0 E 



, % <P < ~X \ , % <p<x 

, „ x _ ( a; ln I11 x 

= ln 2 • + 0 tj 

ln a; V In x 



Inina: 
ln x 



( 7 ) 



Combining (3), (5), (6) and (7) we may immediately obtain 



£ 1 = 2^[ 1+ °(W], 

neN 

SL(n)<x 

where N denotes the set of all positive integers. This completes the proof of Theorem. 
The corollary follows from 
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E i 

neN 

SL(n)<.x 



as X > 00. 



= 2 1+ °(W =2 + 0 



( In In : 



V In x 
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Abstract In this paper, we give an extension of Davenport’s theorem. 

Keywords Davenport’s theorem, Wronskian. 



§1. Introduction 



In 1965, Davenport discovered a relation among polynomials as follows. 

Theorem 1.1. Let /, g be polynomials over C[x] such that f 2 — g 3 ^ 0, then we have 

\ deg g < deg(/ 2 — g 3 ) - 1. 

There were some results which have a connection with this theorem. For example, in [2, 
Theorem 1.5], Hu-Yang derived an inequality for k functions /[’ , ••• , fj, k but they consid- 
ered the case the functions 1 , • • • , fj, k have no common zeros. In this paper we generalize 
Davenport’s theorem as the following. 

Theorem 1.2. Let F an algebraically closed field of characteristic 0. Given polynomials 

/i, •• ) fk(k > 2) with coefficients in F and positive integers lj (1 < j < k) such that 

k 

h < h < • • • < h and — kli + k(k — 1). Suppose that, /-]’ , ••• , f l k k are linearly 

1=1 

independent over F, then we have 



1 - 



k- 1 



1=1 



max deg ( f l , J ) < deg 

l<j<k \ J / 




k(k - 1) 
2 



(1) 



For the case k = 2, l\ = 2, ( 2 = 3, fi = /, / 2 = — 3 , from Theorem 1.2 we obtain 
Davenport’s Theorem. 



§2. Proof of the main theorem 



Let / is a rational function, we write / in the form: 



/ = 



h 
h ’ 
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where fi, $2 are polynomial functions are non-zero and relatively prime on l* 1 [a;]. The degree 
of /, denoted by deg /, is define to be deg f\ — deg 
Let a £ F, we write / in the form: 

/= (x -a) 1 —, 

9 2 

and gi(a)g 2 (a) ^ 0, then l is called the order of / at a and is denoted by p°f. We have the 
following easily proved properties of /x^. 

Lemma 2.1. Let /, g be two polynomials and a £ F, we have 

a) n a f+g > min(/xj, /x“), 

b) = tf + /x“, 

C) Hl=fJ, a f- //“• 

9 

Lemma 2.2. Let ip be a the rational function on F and let the derivatives order k of ip 
satisfy the following tp^ ^ 0. Then 



> -min(/x“,fc) + /x“. 

Proof. Let <p(x) = — where /( x), g{x) are relatively prime and f(a)g(a) / 0. 

Then, we have 

\_ /r . \m-i mf(x)g(x) + (x-a)(f(x)g(x)- f{x)g'(x)) 
p {X) - (X a) 5 2(a.) 



By /x“ = 0, we have 

p a , > m- 1 . 

Therefore 

A #>-1 + m £- 

From this, we obtain 

> — & + 

and we have 

> -min(/x“,fc) + /x“. 

Let / is a polynomial in F[x] and / = (x — ai) 11 ■ ■ ■ (x — ak) lk , where ffli, ■ • • , at are distinct 
zeros of / and h, ■ ■ ■ , h are integers, for n £ N, we set g = (a;— ai ) min ( n ’ b) • • • (cc— 
we denote r n (/) = deg g. 

Lemma 2.3. Let / 0 , • • • , f n +i be (n + 2) be polynomials in _F[:r] have no common zeros 
and go, ■ • • , g n + i be polynomials such that /offo; ■ ■ ■ , f n gn be linearly independent over F, 
and 

fogo + • • • + /n<?n = fn+ign+l- 



n+1 n+1 

max deg(/j<7j) < ^ r n (fj) + ^ deg( 5j ) 

0< 7 <n+l z L — 

3=0 j= 0 



n(n + 1) 
2 



Then 
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Proof. Since /o<7o, , /«<?« are linearly independent, then the Wronskian W of /o3o, 

• ■ ■ , f n Qn is not vanish. We set 



p = Wtfogo, ■ • • , f n g n ) 
logo ■ ■ ■ fngn 

Q _ /offQ ■ • ■ /n+lffn+l 

W{f 0 g 0 , • , fngn)' 

Hence we have 

/n+lSra+1 = PQ- 



Thus, 



deg f n +ig n +i = deg 
We first prove 

deg 



/o fn + 1 



n+1 



W(f 0 g 0 , • •• , f n g„) 

fo /n+1 



X de S gj + degQ. 



(2) 



3= 0 
n+1 



W(f 0 g 0 , , fngn) 



< nJ2 r (fi)- 



i — 0 



Suppose that, a is a zero of /o/i • • • f n + i, by the hypothesis, there exists v, 0 < v < n + 1, 
such that f v ^ 0. By the hypothesis, f 0 go H b f n g n = f n +ig n +i, we have 



fO-'-fy-lfy+l •••/n + 1 



M /0"-/w+l M 

^(/0 90> - ifn9n ) W(/ 0 g 0>” >/i/- 1 9iz- 1 -+/+1 9iy + l » ' ’ ' >/n + l9n+l) 

n+1 



^ ^ ^ fj ^Wtfogo,--- yfv-igv-ufv+igv + ly— ,/n + 10™ + l) 5 

3=0 

W(fogo, • • • , fv-\9v-\, fv+igv+ 1 , • • • , / n +i#n+i) is the sum of following terms 

5f ao g ao {f ai g ai )' ■ ■ ■ (/a„ffaj ( + 

, n + 1 }\{iz}, (5 = ±1. By using Lemma 2.2, we have 



Where a* £ {0, 



> 



+ 0 9«o(bi9<.i)'-(/c.„So„) W 

X (+ Qj s^ 

fi(oi )= 0 



> 



mh +'++ !) 

X - min + . }) 

/ j ( “)=0 

XI ('‘l, + i“saj “ min K . } - rnin{n, /x“ a . }) 



fj(a)=0 
n+1 

^ X+/," X min{n, £+}• 

3=0 0<j<n+l,fj(a)=0 



By Lemma 2.1, we have 



n+1 



^W(fogo, - ,fv-igv-l,fis + l9is + l>'" i/n+lffn + l) — ^ ^ ^ f i 

3=0 



X min{n,^.}j. 

yO<j<n+l,/j (a)— 0 
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Hence, 



A* fo-fn 



W(fQg 0 ,--‘ ,fn9n) 



ti < min{n, /+}. 



0<j<n-\-l,fj (a)= 0 



By the definition of degree of a rational function, we have, 

n+1 



deg 



fo /n+1 



W(fo9o, ■ ■ ■ ,fn9n) 



< J2r n (fi). 



*= o 



Next, we will prove that 



deg P< 



i(n + 1) 



Here, we have a summa of following terms 



fpi9/3i ‘ ' ' fp n 9p n 



We have 



dcg (' ■■■(fp n gpJ (n) \ = Aeg ( hp.90,) 



f Pl 901 ' ' ‘ f0n90n 



f 01 9 01 ) 

= (1 + 2 + • • • + TL ) = — 



deg 



(fp„9pJ in) 

fPn9Pn 



i(n + 1) 



Therefore, 



deg P< 



n(n + 1) 



From (2), (4), (5), we have 



n+1 



n+1 



deg /n+i < E r »(*)+E deg+) ^ 



i(n + 1) 



( 3 ) 



( 4 ) 



Similar arguments apply to the polynomial fo, fi, ••■,/„, we have 

n+1 n+1 

teste) 

o<j <n+i 2 



n+1 n+1 , , 

max deg {f j9j ) < ^ r„(/ a - ) + ^ deg(^) - . 



1=0 



1=0 



Proof of the theorem 1.2. 

di i i Hfc 



We set / 0 = /jM \-f k k and h = (/i, • • • , /*,) thus there exists polynomials go, gi, 

such that f 0 = g 0 h h , fi = 9 ih,-- - , fk = gkh and 



Ik uh—h 



9o == 9\ + gfhp- 11 + ■ ■ ■ + g k h 
We set for simplicity max deg// = /+ Lemma 2.3 implies 

l<j<k J 



K I K \ 

deg g l ^h la ~ h < r fc _i(g 0 ) + ^r fc _i (gf ) + I ^ l 3 - kh deg/i - 



Ac(fc - 1) 



i=i 



0=i 

k 



< degg 0 + (k- 1)^1 de g 5i + ~ kl1 de & h ~ 



k(k - 1) 



i=i 



vi =1 
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Hence, 



deg g l “h la < deg g 0 h h + (k - 1) E deg gjh + deg h h — deg h h — k(k—l) deg h 

1= i 
k 



Thus, 



+ 1 E h - deg h - 



k(k - 1) 



0=1 



< deg f 0 + (k-l)Y: deg fj+ ( ^ lj - kh - k(k - 1) deg h - 



3 = 1 



^'=1 

k 



= deg /o + E —77- deg $ + I E ~ k ( k _ X ) ~ kl 1 I deg h - 



k(k - 1) 
2 

k(k - 1) 



3 = 1 



0=1 



fc- 1 



1 - E — 7 — f deg f a a < deg /o + ^ lj - kh - k{k - 1) deg h- 



k{k- 1) 



i=i 



0=1 



By the hypothesis, we have lj — kl\ — k(k — 1) < 0. From this, it follows that 



1=1 



i-E 

Theorem 1.2 is proved. 



k - 1 



. lj I 1 <!<fc 

j=i J 



xf< fc deg (/'0 - deg (E/: 



\ fc(fc - 1) 



tl=i 
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Abstract The main purpose of this paper is using the estimate for character sums and the 
analytic method to study the hybrid power mean of the character sums and Kloosterman 
sums, and give an interesting mean value formula for it. 
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§1. Introduction 



Let q > 2 be an integer, \ denotes a Dirichlet character modulo q. For any integers m and 
n, we define the general Kloosterman sums S(m,n,x',Q ) as follows: 



9 ' 

S(m, n, x; d) = J2 x(a)e 

a—1 



ma + na 



where denotes the summation over all a such that (a, q) = 1, ad = 1 mod q , x denotes a 
Dirichlet character mod q and e(y) = e 2my . 

This summation is very important, because it is a generalization of the classical Klooster- 
man sums S(m , n, Xo'i o) = S(m, n\ q), where xo is the principal character mod q. The various 
properties of S(m, n; q) were investigated by many authors. Perhaps the most famous property 
of S(m,n\q) is the estimate (see [1] and [2]): 

\S(m,n;q)\ < d(q)q?{m,n,q)* , (1) 



where d(q) is the divisor function, (m, n, q) denotes the greatest common divisor of to, n and 
q. If q be a prime p, then S.Chowla [3] and A. V. Malyshev [4] also proved a similar result 
for S(m,n,x',P )■ On the other hand, H.D. Kloosterman [6] studied the fourth power mean of 
S(a, 1 ;p), and proved the identity 

v - 1 

^2 54 ( a > !;p) = 2 p 3 - 3p 2 - P ~ 1- 

a—1 

This identity can also be found in H.Iwaniec [7]. H.Salie [8] and H. Davenport (independently) 
obtained the estimate 

p - 1 

^2S 6 (a,l;p) <p 4 . 

a=l 



1 This work is supported by the N.S.F. (10671155) of P.R.China. 
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The main purpose of this paper is using the estimate for character sums and the analytic 
method to study the asymptotic properties of the hybrid power mean of the character sums 
and the Kloosterman sums: 



E 

X mod q 



E x(n ) 



n<N 



2k 



E 



a = 1 



ma + na 



2 h 



(2) 



and give an interesting mean value formula for it. About the estimate for character sums, the 
classical result due to Polya and Vinogradov (See Theorem 8.21 of [9]) is that the estimates 

N+H 

E x{n)<^q^ogq 

n=N+l 

hold for all non-principal character \ modulo q. H.L. Montgomery and R.C. Vaughan [10] proved 
that for any positive integer fc, 



E max 

1 <y<q 

X mod q 

x¥=xo 



E 

n<y 



2k 



< <Kq) ■ q k - 



But for the asymptotic properties of (2), it seems that none had studied it yet, at least we 
have not seen such a paper before. However, the problem is very interesting and important, 
because it can help us to obtain some important information about the upper bound estimate 
for character sums and the general Kloosterman sums. 

In this paper, we shall study the asymptotic properties of (2), and use the analytic method 
to prove the following two conclusions: 

Theorem. Let q > 2 be an integer, N be a fixed real number with 1 < N < ^fq. Then 
for any integers m and n with (mn,q) = 1, we have the asymptotic formula 

2 



E 

X mod q 



E *( n ) 



n<N 



\S(m,n,x;q)\ 2 = </> 2 (g) • N+ O (q* ■ N 2 ■ d 2 (q)'j , 



where <j>(q) is the Euler function, d{q) denotes the Dirichlet divisor function. 

Taking q = p be a prime, then from our Theorem we may immediately deduce the following: 
Corollary. Let p > 2 be a prime, m and n are two integers with (rnn,p) = 1. Then for 
any real number N with p e < N < pi _e , we have the asymptotic formula 

2 



E 

X mod p 



E x ( n ) 



i<N 



\S{m,n,x\p)V ~ N-p 2 , p -> +oo, 



where e be any fixed positive number. 

Using our method we can also give a similar asymptotic formula for the hybrid power mean 
of 



E 

X mod q 



E * 



n<N 



Ex(°) f 



ma + na 
Q 



but in this case, the constant is very complicate. So we have not give the conclusion in this 
paper. 
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§2. Proof of the theorem 

In this section, we shall complete the proof of the theorem directly. In fact from the 
properties of character sums we have 



Q Q 
/ ^ — . / 



S(m,n,x;q ) | 2 = E E x(ab)e 



a— 1 6=1 
Q Q 



m(a — b) + n(a — b ) 



E ' v-^' ( mb(a — 1) + nb(a — 1) 

X{a) 2^ e 



a —1 6—1 

Q 

= <t>{q) + E x(a) E 

a— 2 6=1 

Now from (3) and the orthogonality relation for character sums we have 



' ( mb(a — 1) + nb(a — 1) 

e 



E 

X mod q 



E *( n ) 



i<N 



S(m, n, x; q) 



E E E X{uv) 

X mod qu<N v<N 

= <K<?) E E E x(uv) 

X mod q u<N v<N 



<P(q) + E x(a) E 



' ( mb(a — 1) + nb(a — 1) 

e 



a— 2 b=l 



Q Q 
./ ■*. — V 



+ EEEE E X(uva)e 

u<N v<N a— 2 6=1 x mod q 



mb(a — 1) + nb(a — 1) 



<( q ) . JV + «,) e /mKvU - 1)+ n5( ™ - 



u<Nv<N 6=1 
u^v 



Applying the estimate (1) in (4) we have 



( 3 ) 



( 4 ) 



E 

X mod q 



E X(n) 

( 



n<N 



S(m,n,x ; q) 



= <t> 2 {q)-N + 0 



= <j) 2 (q)-N + 0 



0 ( 9 ) E E y/q (uv - 1 ,q)*d(q) 

\ 



u<Nv<N 

u^v 



V 



^)-E'E' E 

u<N v<N d\q 

u^v d\m—n J 



= (/) 2 {q)-N + o(qi -N 2 d' 
This completes the proof of the theorem. 
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The main purpose of this paper is using the elementary methods to study the number of the 
solutions of the equation S p (l“) + S p ( 2 2 ) + •••-(- S p {n 2 ) = S p ^ n ( n + 1) J , anc j gi ve 

all positive integer solutions for this equation. 
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§1. Introduction and Results 

Let p be a prime, n be any positive integer. The Smarandache primitive function S p (n) is 
defined as the smallest positive integer such that S p (n)\ is divisible by p n . For example, 5 2 (1) = 
2, S 2 (2) = S 2 (3) = 4, S 2 (4) = 6, • • • . In problem 49 of book [1], Professor F. Smarandache asked 
us to study the properties of the sequence {S p (n)}. About this problem, Professor Zhang and 
Liu [2] have studied it, and obtained an interesting asymptotic formula. That is, for any fixed 
prime p and any positive integer n, we have 

S p (n) = (p— 1 )n + O ■ 

Li Jie [3] studied the solvability of the equation 5 P (1) + S p ( 2) + • • • + S p (n ) = S p ^ "("+ 1 ) ^ , anc [ 
gave all its positive integer solutions. But it seems that no one knows the relationship between 
the square sum of natural numbers and the Smarandache primitive function. In this paper, we 
use the elementary methods to study the solvability of the equation 

S p (l 2 ) + S p ( 2 2 ) + • • • + S p (n 2 ) = S p ( ”(” + 1 K 2 ”+ 1 ) ) f 

and give all positive integer solutions for it. That is, we will prove the following: 

Theorem. Let p be a prime, n be any positive integer. Then the equation 

n(n + 1)(2 n + 1) 



S p (l 2 ) + S p (2 2 ) + • • • + S p {n 2 ) = S p 



6 



(1) 
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has finite solutions. 

(*) If p = 2, 3 or 5, then the positive integer solutions of the equation (1) are n = 1, 2; 
(ii) If p = 7, then the positive integer solutions of the equation (1) are n= 1,2, 3, 4, 5; 



(Hi) If p > 11, then the positive integer solutions of the equation (1) are n = 1, 2, 
where n p > 1 is a positive integer, and 

1 3 p 1 9 p 2 1 a 1 3p 

1728 + V T 



bpi 



ger < x. 



9 p 2 
4 



9 p 2 
4 



1 



1728 



, [x] denotes the biggest inte- 



§2. Several lemmas 



To complete the proof of the theorem, we need the following several simple lemmas. 
Lemma 1. Let p be a prime, n be any positive integer, S p (n) denote the Smarandache 
primitive function, then we have 



S p (k) 



= pk, if k < p, 
< pk, if k > p. 



Proof. (See reference [4]). 

Lemma 2. Let p be a prime, n be any positive integer, if n and p satisfying p a || n!, then 

n 

p 1 _ 

Proof. (See reference [5]). 

Lemma 3. Let p be a prime, n be any positive integer. If n > [y fp\, then there must 
exist a positive integer rrik with 1 < nik < k 2 (k = 1, 2, ■ ■ ■ ,n) such that 




^(l 2 ) = mip, S p ( 2 2 ) = m 2 p, ■■■ , S p (n 2 ) = m n p , 



and 

OO 

‘ 2 <E 

i=i 

Proof. From the definition of S p (n), Lemma 1 and Lemma 2, we can easily get the 
conclusions of Lemma 3. 



m k p 

p 1 



§3. Proof of the theorem 



In this section, we will complete the proof of Theorem. We discuss the solutions of the 



equation ^(l 2 ) + S p ( 2 2 ) + • • • + S p (n 2 ) = S p 



n(n + 1)(2 n + 1) 
6 



(I) Ifp = 2, then the equation (1) is S , 2(l 2 )+5 , 2(2 2 )+- • -+5 2 (n 2 ) = S 2 



in the following cases: 

n(n + 1)(2 n + 1) 



6 
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1 x (1 + 1) x (2 + 1) 



6 



(a) If n = 1, S 2 (l 2 ) = 2 = S 2 
equation (1). 

0 b ) If n = 2, S 2 (l 2 ) + S' 2 (2 2 ) = 2 + 3x2 = 8 = S 2 
is a solution of the equation (1). 



, so n = 1 is a solution of the 
2 x (2 + 1) x (2 x 2 + 1)' 



6 



, so n = 2 



(c) If n = 3 , ^(l 2 ) + S' 2 ( 2 2 ) + S' 2 ( 2 2 ) = 2 + 3 x 2 + 6 x 2 = 20 , but 
3x (3 + 1) x ( 2 x 3 + 1) \ 

' = 52(14) = 16 , so n = 3 is not a solution of the equation ( 1 ). 



6 



) 



(d) If n > 3, then from Lemma 3 we know that there must exist a positive integer nik with 
1 < mk < k 2 (k = 1 , 2 , • • • , n) such that 

S^l 2 ) = 2mi, S' 2 (2 2 ) = 2 to 2 , . . . , ^(n 2 ) = 2 m n . 

So we have ^(l 2 ) + S 2 ( 2 2 ) + • • ■ + ^(n 2 ) = 2 (mi + m 2 + • • • + m n ). 

On the other hand, notice that mi = 1 , m 2 = 3, m3 = 6, then from Lemma 3, we have 

2(mi + m 2 + K m n ) - 1 



2(mi + m 2 + h m n — 1) + 1 



E 

i— 1 
00 

= E 

i— 1 

00 

= mi + m 2 H h m n — 1 + ^ 

2=2 
oo r 

= mi + m 2 + • • • + m„ — 1 + ^ 

> f mi + 



2(mi + m 2 + • • • + m„ - 1) + 1 



mi + m 2 + ■ ■ • + m n - 1 










m„ 



■E[t 



2=1 



> l 2 + 2 2 + 3 2 + 

2 = 1 

l 2 + 2 2 + 3 2 + 4 2 
n(n + l)(2n + 1) 



2m4 



E 

i — 1 



2m„ 



> l 2 + 2 2 + 3 2 + 4 2 + • • • + n 2 



6 



then from Lemma 2 , we can get 



2 + 6 | (2(mi + m 2 + V m n ) — 1)!. 



Therefore, 



^ ^ n(?r + l)(2n+l) ^ 



< 2(mi + m 2 + • • • + m n ) — 1 

< 2(mi + m 2 + b m n ) 

= S 2 (l 2 ) + S 2 (2 2 ) + --- + S 2 (n 2 ). 
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So there is no solutions for the equation (1) in this case. 

Hence, if p = 2, the equation (1) has only two solutions, they are n = 1, 2. 

If p = 3 or 5 using the same method we can easily get if and only if n = 1, 2 are all 
solutions of the equation ( 1 ). 

(II) If p = 7, then the equation (1) is 

S 7 +) + S 7 (: 2*) + • ■ ■ + S 7 (n 2 ) = S 7 ( " (n+1) 6 (2 " + l) ) . 



(a) If n = 1, S 7 (l 2 ) = 7 = S 7 f ^ x d + I) x (-I + I) y so n = 1 is a solution of the 
equation ( 1 ). 

0 b ) If n = 2, SV(1 2 ) + SV(2 2 ) = 7 + 4x7 = 35 = S 7 * ( 2 + 1 ) x (2x2+1) ^ ^ Qn = 2 
is a solution of the equation ( 1 ). 

(c) If n = 3, S 7 (l 2 ) + S 7 ( 2 2 ) + SV(3 2 ) = 35 + 8 x 7 = 91 = S 7 ^ X (3 + 1) * (2 x 3 + 1 ^ , 
so n = 3 is a solution of the equation (1). 



(d) If n = 4, S 7 ( l 2 ) + 5 7 (2 2 ) + SV(3 2 ) + S 7 (4 2 ) = 91 + 14 x 7 = 189 = 

'4x (4 + 1) x (2x4+l)\ .. , 17 

b 7 [ I , so n = 4 is a solution of the equation (1). 

(e) If n = 5, S 7 (l 2 ) + S 7 (2 2 ) + SV(3 2 ) + S 7 (4 2 ) + SV(5 2 ) = 189 + 22 x 7 = 343 = 

ol '5x(5 + l)x(2x5+l)) c . , t . rtl 4 . 

b 7 [ I , so n = 5 is a solution of the equation (1). 



(/) If n = 6 , SV(1 2 ) + SV(2 2 ) + SV(3 2 ) + SV(4 2 ) + 5 7 (5 2 ) + SV( 6 2 ) = 343 + 32 x 7 = 567, but 
/6 x (6 + 1 ) x (2 x 6 + 1 ) \ „ , . 

S 7 ( j = S 7 (91) = 79 x 7 = 553 < 567, so n = 6 is not a solution of 

the equation ( 1 ). 



(g) If n = 7, S' 7 (l 2 ) + S' 7 (2 2 ) + 5' 7 (3 2 ) + 5' 7 (4 2 ) + 5' 7 (5 2 ) + 5' 7 (6 2 )5' 7 (7 2 ) = 567+43 x 7 = 868 , 

but 

S 7 ^ x C' 7 + -*-) ^ ( 2 — _ 5 ^( 140 ) = 122 x 7 = 854 < 868 , so n = 7 is not a solution of 
the equation ( 1 ). 



( h ) If n > 8 , from Lemma 3 we know there must be a positive integers mu with 1 < nrik < 
k 2 (k = 1 , 2 , • • • , n) such that 



«SV(1 2 ) = 7mi, 5 7 (2 2 ) = 7 m 2 , • • • , S 7 (n 2 ) = 7 m n . 

Then we have SV(1 2 ) + S 7 (2 2 ) + • • • + S 7 (n 2 ) = 7(mi + m 2 + • • • + m n ). 

On the other hand, notice that mi = 1, m 2 = 4, m 3 = 8 , 7714 = 14, TO 5 = 22, me = 
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32, to 7 = 43, to. 8 = 56, from Lemma 3, we have 
7 (toi + to 2 + • • • + m n ) — 1 



E 

i = 1 
oo 

E 



7* 



7(toi + m 2 + • • • + - 1) + 6 



7* 



mi + m 2 + • • • + m n — 1 + ^2 

»= 2 
OO 

TOI + TO 2 + • • • + TO n — 1 + ^ 



7(toi + to 2 + • • • + to„ — 1) + 6 



i—1 



toi + to 2 + • • • + m n - 1 



7 i 






£[ 

j=l 



to 2 



"to 2 

7L 



?n 7 



£[ 

2=1 



”*3 + E 



1=1 



m 3 - 1 

7 i 



2=1 



OO 

£[ 



i=l 



TOg 
7 i J 



m 9 



oo 

£[ 

i=l 



rng 

7* 



7 i 



> l 2 + 2 2 H h 8 2 ■ 



E 



7rog 



E 



7toti 

7 i 



> l 2 + 2 2 + • • • + n 2 
n(n + 1)(2 n + 1) 

6 ' 

From Lemma 2, we may immediately get 

~(n + l)(2» + l) 



Therefore, 



7“ 



n(n + l)(2n + 1) 



(7(toi + to 2 + 1- m n ) - 1)!. 



<SV [ j < 7 (toi + to 2 H hm n )-l 

< 7(TOr + rn 2 H h m n ) 

= S 7 (l 2 ) + S 7 (2 2 ) + --- + S 7 (n 2 ). 

So there is no any solutions for the equation (1) in this case. 

Hence, if p = 7, the equation (1) has only five solutions, they are n = 1, 2, 
(III) If p > 11 we will discuss the problem in the following cases: 

/ x „ n(n + l)(2n + 1) , . 

(a) If < p, solving this equation we can get 1 < n < n p , 



6 



3/3 p , 9p‘ 



1 , s/3p /9 p 2 1 1 

T ~ 1728 ~~ 2 



1 1728 V 2 

where [ir] denotes the biggest integer < x, then we have 

' n(n + l)(2n + 1) \ n(ro + l)(2n + 1) 



-P- 



H 




3, 4, 5. 
and 



6 



6 
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Noting that n p < [s/p] < p, so if 1 < n < n p , then n 2 < p, from Lemma 1 we have 

o 2^ , C I I c> _ 1 2_ , 1 I _ n { n l)(2n + 1) 

Op(l ) + *Sp( 2 ) + ••• + Sp\Tl ) — 1 p - b 2 p + • • • + n p — — 



p- 



Combining above two formulas, we may easily get n = 1, 2, • • • , n p are the solutions of the 



equation 5 P (1 2 ) + S p ( 2 2 ) + • • • + S p (n 2 ) = S p 



n(n + l)(2n + 1) 
6 



n(fi \)<2n + 1) 

( b ) If n p < n < [^/ p ], that is > p and n 2 < p, so from Lemma 1 we have 



n{n + 1)(2 n + 1) ^ < n(n + l)(2n + 1) 



but 



o /i 2\ , c /o2'i l i e 1 2„ i o 2 i l ~.2 _ n ( n l)(2n + 1) 

Op(l ) + Sp{2 ) + *•• + Sp\Tl ) — 1 p 2 p ti p — — 



p- 



Hence the equation (1) has no solution in this case. 

(c) Let [s/p] = t, if n = [s/p] + 1 = i + 1, that is n 2 > p, t > 3. Then 



<Sp(l 2 ) + S p (2 2 ) + • • • + S p (n 2 ) — S p (l 2 ) + <S'p(2 2 ) + • • • + S p (t~) + S p ((t + 1)“) 

= l 2 p + 2 2 p + ■ ■ • + t 2 p + (t 2 + 2t)p 

2 1 3 + 9 1 2 + 13 1 



6 



~P- 



If p = 11, that is n = t + 1 = 4, so we have 5n(l 2 ) + 5'n(2 2 ) + 5 , u(3 2 ) + 5'n(4 2 ) = 

2 x 3 3 + 9 x 3 2 + 13 x 3 x n = 3^ but ^(n + l){2n + 1) ) = = ^ < ^ So 

there is no solution for the equation (1) in this case. 

If p = 13, that is n = t + 1 = 4, then we have Si 3 (l 2 ) + Si 3 (2 2 ) + <Si 3 (3 2 ) + <Si 3 (4 2 ) = 

2 x 3 3 + 9 x 3 2 + 13 x 3 x ig = 3^ but ^(n + l)(2n + 1) ^ = = 304 < 37? So 

there is no solution for the equation (1) in this case. 

If p > 17, that is t = [s/p] > 4, and n = t + 1 > 5, notice that 



E 



2t 3 +9t 2 +13t— 6 



V 



pi 



2=1 

2 1 3 + 9t 2 + 132 - 6 



> 



> 



6 

2f 3 + 9t 2 + 13* 

6 

2t 3 + 9t 2 + 13* 

6 

( t + l)(f + 2)(2f + 3) 



+ E 

2=1 

OO 

-i + E 

2=1 



2fr*+9£ +13t— 6 



6 
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Therefore, 



77(77 + 1)(2 n + 1 ) 
6 



= S v 



(t + l)(t + 2)(2f + 3) 



6 



< 



< 



2 1 3 + 9 1 2 + m - 6 

6~ 

2f 3 + 9 1 2 + 13 1 

6~ 



~P 



~P 



— S p ( l 2 ) + S p ( 2 2 ) + • • • + S p {n 2 ). 

So n= [y 7 p ] + 1 is not a solutions of the equation (1). 

If n > [y/p] + 2 = t + 2, that is n 2 > p, t > 3. Then from Lemma 3, we know that there 
must exist a positive integers ink with 1 < rrik < k 2 (k = 1, 2, • • • , n) such that 

^(l 2 ) = imp, S p ( 2 2 ) = m 2 p, • • • , S'pCn 2 ) = m n p , 

then we have 

iSp(l ) + 5^(2“) + ■ • • + S p (n~) = ( 777.1 + 7772 + • • • + 777 n )p. 

On the other hand, notice that ?77i = l 2 , r?7 2 = 2 2 , • • • , rrit = t 2 , from Lemma 3, we have 
(7771 + m 2 + • • • + m n )p — 1 



E 

2=1 

OO 

E 



p{mi + m 2 + • • • + m n — l)+p — l 



= 777i + 777 2 + • • • + rn n — 1 + ^2 



i = 2 

OO 



p(mi + m 2 + • • • + m„ — 1) + p — 1 



> 7771 + 777 2 + • • • + 777 n — 1 + ^2 



i = 2 



6 > +P-l 



E 

2=1 



m t + 1 + m t+2 H h m n - 1 






> mi + m 2 H 1- m n + ^ 

2=1 

> mi + m 2 H 1- ^ m t+i + ^ 

/ OO 

+ + y 



mt+i + m t+ 2 H 1- m n - 1 



p 1 



p 1 



> E ^ + E 



2=1 
l 2 + 2 2 



2=1 



m 2 p 



E 

2=1 



mi 

pi 



m n p 



mt+2 + Y 

\ 1=1 L 



m t +2 

p l 



pi 



77(77 + 1 )( 2 t 7 + 1 ) 

6 ‘ 

Then from Lemma 2, we can get 

»(»+l)( 2 -+l) 
P 6 



((7771 + m 2 + b m n )p - 1 )!. 
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Therefore, 



s ^ n(n + l)(2n + 1) ^ 



< (nii + to 2 H + m n )p - 1 

< (toi + to.2 H + m n )p 

= S^l 2 ) + S p ( 2 2 ) + • • • + S p (n 2 ). 



From the above, we can deduce that if p > 11 and n > \y/p] + 2, then the equation (1) has 
no solution. 

Now the theorem follows from (/), (II) and (III). 
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Abstract The main purpose of this paper is to study the relationship between the Riemann 
zeta- function and an infinite series involving the Smarandache function e p (n) by using the 
elementary method, and give an interesting identity. 
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§1. Introduction and Results 



Let p be any fixed prime, n be any positive integer, e p (n) denotes the largest exponent of 
power p in n. That is, e p (n) = to, if p m \ n and p m+1 j n. In problem 68 of [1], Professor 
F. Smarandache asked us to study the properties of the sequence {e p (n)}. About the elementary 
properties of this function, many scholars have studied it (see reference [2]- [7]), and got some 
useful results. For examples, Liu Yanni [2] studied the mean value properties of e p (bk(n)), 
where bk (n) denotes the fc-th free part of n, and obtained an interesting mean value formula for 
it. That is, let p be a prime, k be any fixed positive integer, then for any real number x > 1, 
we have the asymptotic formula 



e p(b k (n)) 

n<x 




h 

p — p 

-p)(p- 1) 



k - 1 

p k — 1 




where e denotes any fixed positive number. 

Wang Xiaoying [3] studied the mean value properties of ^((n + l) m — n m )e p (n), and 

n<x 

proved the following conclusion: 

Let p be a prime, to > 1 be any integer, then for any real number x > 1, we have the 
asymptotic formula 

X«" + D” - »”>„(») = + o A») ■ 

n<x 



p e i 



Gao Nan [4] and [5] also studied the mean value properties of the sequences p e< A) anc [ 
( b ( n )), got two interesting asymptotic formulas: 



y p e q (n) _ 

n<x 



i5?« lnx + (^(7-i) 



p±i\ 

) 



x + O 




if q > p; 
if q = p. 
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and 



n<.x 



y p e q ( b (n)) = r+P 2 q±P x + 0 

q- + q + 1 




where e is any fixed positive number, 7 is the Euler constant. 

Lv Chuan [6] used elementary and analytic methods to study the asymptotic properties of 
'y e p (n)ip(n) and obtain an interesting asymptotic formula: 

n<ix 



y e p (n)p(n) 

n<x 



3 P 



(p + 1)7 



O 






Ren Ganglian [7] studied the properties of the sequence e p (n) and give some sharper 
asymptotic formulas for the mean value y? k p {n). 

n<x 

Especially in [8], Xu Zhefeng studied the elementary properties of the primitive numbers 
of power p , and got an useful result. That is, for any prime p and complex number s, we have 
the identity: 

1 _ CM 

Sp( n ) p s ~i 

In this paper, we shall use the elementary methods to study the relationship between the 
Riemann zeta- function and an infinite series involving e p (n), and obtain an interesting identity. 
That is, we shall prove the following conclusion: 

Theorem. For any prime p and complex number s with Re(s) > 1, we have the identity 



e p (n) _ 1 _ C( s ) 

2.^/ n s 2^ s*(n) p s — l’ 

n = 1 n—1 ^ 

where ^(s) is the Riemann zeta-function. 



From this theorem, we can see 



OO 

that y^ 

n = 1 



e p (n) 

n s 



OO 

and y^ 

n= 1 



1 

W 



denote the same Dirichlet 



OO 

series. Of course, we can also obtain some relationship between y^ 

n—1 

is, we have the following conclusion: 

Corollary. For any prime p. we have 



e p {n) 

n s 



OO 

and 

n—1 



1 

Sp ( n ) 5 



that 



e p (m) = y 1. 
neN 

Sp(n)=m 



§2. Proof of the theorem 



In this section, we shall use elementary methods to complete the proof of the theorem. 
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Let to = e p (n), if p m || n, then we can write n = p m ni , where (rii,p) = 1. Noting that, 
e p (n) is the largest exponent of power p, so we have 



OO OO 



oo / \ 

y^ e p \n) _ y y^ 

/ ^ -rjS / 



OO OO w OO OO 1 OO ^ 

E TTl v 1 v -v 777 v 1 v -\ 1 

^ j ^ ms / -j / j ^ s 



— ' 2 -— ' (p rn n i) a z — ' p" LS z — ' n? z — ' p 

= 1 m=l ' m — 1 ^ n., =1 1 — — 1 ^ 



m=I ni 

(ni,p)=l 



_ . n? ^ ' n 

m= 1 np=l 1 m=l np — 1 1 np=l 

pfnp \ p|np / 



(i) 



let n i = p772, then 



That is, 



so 



oo oo oo 

E TTl v ^ 1 1 

pms 2-^i n s 2-^1 n s 
m = 1 np =1 1 np=l 1 

\ p\ri! ) 



OO / OO 1 

E£ fM-Ep* 

m=l r \ n 2 — 1 z , 



= cw-cwi 






rr j z — ' p" 

/ m = 1 



Since 



then 



OO OO 

E m 1 777 + 1 

^ ^(m+l)s ’ 

m—1 “ 1 m= 1 “ 



oo oo 

1 V-^ 777 V-^ 777 



/ j pms / j ^(m+l)s 

F m—1 ^ m= 1 F 



CXJ CXJ CXJ CXJ 

E m 1 171 1 ^7+1 m 

^ms / v ^ms pS / -j ^(m+l)s / ^ ^(m+l)s 

^ m—1 ^ m—1 “ 



P" LO p° * — ' p 

m—1 m—1 



l ^ l 



pS / p(m+l)s Zl^ p 

17 m—1 * m—1 * 



= E— • 

/ -j j^ms 



x 1 \ y, m _ ys 1 _ 1 1 

pS J / -j pms / -j pms pS i 1 ’ 

“ ' m—1 ^ m—1 ^ “ P s 



777 






(2) 
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Now, combining (1) and (2), we have the following identity 



/ 



OO / V oo 

E e p (n) ^ m 

^ 5 fY\HX S 

n = 1 m=l 



OO 1 OO 1 

y -- y - 

' nf ' nf 

m=l 1 m=l 1 



V 



p|ni / 



= c(s) l 1- ^) £ 



m=l ‘ 



= C(,)(i-- 



p s ( x - £) 



CM _ 

p s — 1 



This completes the proof of Theorem. 

Then, noting the definition and properties of S p (n), we have 

OO ^ OO ^ 

^ S*(n) ^ (pm) s ^ 

n— 1 P v ' m=l ' n£N 

S p (n)—mp 



and we also have 



y' e p (n) _ y- e p {mp ) 

n s 2-*i (jyipY ’ 



n— 1 



m— 1 



therefore, from the definition of e p (n), we can easily get 



OO / \ OO _| 

E e p {mp) 1 

(rap ) s ^ 



m—1 



, , y i. 

(pm) s ^ 

m—1 ■ ' neN 

Sp(n)=mp 



Combining (3) and (4), it is clear that 

e p( m ) = y 1- 

This completes the proof of Corollary. 



neN 

S p (n)—m 



( 3 ) 



( 4 ) 
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Abstract In a recent paper, Muneer [1] introduced the Smarandache inversion sequence. 

In this paper, we study some properties of the Smarandache inversion sequence. Moreover, 
we find the necessary and sufficient condition such that [SI(n)] 2 + [SI(n + l)] 2 is a perfect 
square. 
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§1. Introduction 

The Smarandache reverse sequence is (see, for example, Aslrbacher [2]) 

1, 21, 321, 4321, 54321, • • • , 
and in general, the n — th term of the sequence is 

S(n) = n(n — 1) • • • 321. 

In connection with the Smarandache reverse sequence, Muneer [1] introduced the concept of 
the Smarandache inversion sequence, S 'I(n), defined as follows : 

Definition 1.1. The value of the Smarandache inversion of (positive) integers in a number 
is the number of order relations of the form i > j (where i and j are digits of the positive 
integers of the number under consideration), with SI( 0) = 0, SI( 1) = 0. 

More specifically, for the Smarandache reverse sequence number 

S(n) = n(n — 1) • • • 321, 

the following order relations hold : 

( A — 1 )n >n — 1>--->3>2>1, 

(. A - 2 )n — l>n — 2>--->3>2>l, 



(A — (n — 1))2 > 1. 

Note that, the number of order relations in (A — 1) is n — 1, that in (A — 2) is n — 2, and so 
on, and finally, the number of order relation in (A — (n — 1)) is 1. We thus have the following 
result : 
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ti(ti — 1 ) 

Lemma 1.1. SI(n) = — -for any integer n> 1. 



Proof. SI(n) = (n — 1) + (n — 2) + b 1 = — — 

n 

W 



Lemma 1.2. For any integer n> 1, E s/ (i) = 
Proof. Using Lemma 1.1, 



( n 2 - 1 ) 






6 



n n ./. 1 \ 1 /n n \ 

£s'<i> = £^ = U£; 2 -£* 



i(n + l)(2n+l) n(ra + 1) 



i(n 2 — 1) 



Muneer [1] also derived the following results. 

Lemma 1.3. S7(n + 1) + SI(n) = n 2 for any integer n > 1. 
Lemma 1.4. SI(n + 1) — SI(n) = n for any integer n > 1. 
Proof. Since 



S7(n + 1) 



n(n + 1) 

2 



n(n — 1) 

2 



+ n = SI(n) + n, 



we get the desired result. 

Lemma 1.5. [SI(n + l)] 2 — [ SI(n )] 2 = n 3 for any integer n > 1. 
Proof. Using Lemma 1.3 and Lemma 1.4, 



[SI(n + l)] 2 - [SI(n)) 2 = [SI(n + 1) + SI(n)][SI(n + 1) - SI(n)\ = (n 2 )(n) = n 3 . 

Lemma 1.6. SI{n + l)SI(n — 1) + SI(n) = ^ ^ ^ for any integer n > 1. 
We also have the following recurrence relation. 

Lemma 1.7. SI(n + 1) — S7(n — 1) = 2n — 1 for any integer n > 1. 

Proof. Using Lemma 1.4, 



5/(n + l)-5/(n-l) = [5J(n + l)SJ(n)] + [5/(n) - 5/(n - 1)] 
= n + (n — 1) = 2n — 1. 

Muneer [1] also considered the equation 

[SI(n)} 2 + [SI(n+l)} 2 = k 2 



(1) 



for some integers n > 1, k > 1, and found two solutions, namely, n = 7 and n = 8. 

In this note, we derive a necessary and sufficient condition such that (1) is satisfied. This 
is given in the next section. 



§2. Main Results 

We consider the equation 



[SI{n)} 2 + [SI{n+l)} 2 = k 2 



(2) 
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for some integers n > 1, k > 1. By definition, 

[S/(n)] 2 + [ S /(„ + 1)P = (5^) a + (^) a = ‘»V + 1) 

We thus arrive at the following result. 

Lemma 2 . 1 . The equation (2) has a solution (for n and k) if and only if |(n 2 + 1) is a 
perfect square. 

Lemma 2 . 2 . The Diophantine equation 

\ ( ,n 2 + l) = k 2 (3) 

has a solution (for n and k) if and only if there is an integer m > 1 such that to 2 + (m + l) 2 is 
a perfect square, and in that case, n = 2m + 1, k 2 = m 2 + (m + l) 2 . 

Proof. We consider the equation (3) in the equivalent form 

n 2 + 1 = 2k 2 , (4) 

which shows that n must be odd; so let 

n = 2m + 1. (5) 

for some integer m > 1. Then, from (4), 

(2m+l) 2 + l = 2fc 2 , 

that is, (4m 2 + 4m + 1) + 1 = 2k 2 , that is, m 2 + ( m + l) 2 = k 2 . 

Searching for all consecutive integers upto 1500, we found only four pairs of consecutive 
integers whose sums of squares are perfect squares. These are 



(1)32 + 42 = 52, 


(6) 


(2)202 + 212 = 292, 


(7) 


(3)1192+ 1202 = 1692, 


(8) 


(4)6962 + 6972 = 9852. 


(9) 



The first two give respectively the solutions 

(a) [<S7(7)] 2 + [SI( 8)] 2 = 35 2 , 

(b) [S7(41)] 2 + [S7(42)] 2 = 1189 2 , 

which were found by Muneer [1], while the other two give respectively the solutions 

(c) [S7(239)] 2 + [S7(240)] 2 = 40391 2 , 

(d) [S7(1393)] 2 + [S7(1394)] 2 = 1372105 2 . 

The following lemma, giving the general solution of the Diophantine equation x 2 + y 2 = z 2 , 
is a well-known result (see, for example, Hardy and Wright [3]). 

Lemma 2 . 3 . The most general (integer) solution of the Diophantine equation x 2 +y 2 = z 2 
is 



x = 2 ab, y = a 2 — b 2 



z = a 2 + b 2 



(10) 
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where a; > 0, y > 0, z > 0 are integers with (x, y) = 1 and x is even, and a and b are of opposite 
parity with (a, b) = 1. 

Lemma 2.4. The problem of solving the Diophantine equation 

to 2 + (to + l) 2 = k 2 , (11) 

is equivalent to the problem of solving the Diophantine equations 

x 2 - 2 y 2 = 1. 

Proof. By Lemma 2.3, the general solution of the Diophantine equation 

(m + l) 2 + to 2 = k 2 



has one of the following two forms : 

(a) m = 2 ab, m + 1 = a 2 — b 2 , k = a 2 + b 2 for some integers a,b> 1 with (a, b) = 1; 

(b) m = a 2 — b 2 , m + 1 = 2 ab, k = a 2 + b 2 for some integers a, b > 1 with (a, 6) = 1. 

In case (a), 

1 = {m + 1) — to = (a 2 — 5 2 ) 2 — 2a& = (a — &) 2 — 2a6 2 , 

which leads to the Diophantine equation x 2 — 2 y 2 = 1. 

In case (b) , 

—1 = to — (to + 1) = (a 2 — b 2 ) 2 — 2a& = (a — b) 2 — 2a& 2 , 

leading to the Diophantine equation x 2 — 2 y 2 = — 1. 

The general solutions of the Diophantine equations x 2 — 2 y 2 = ±1 are given in the following 
lemma (see, for example, Hardy and Wright [3]). 

Lemma 2.5. All solutions of the Diophantine equation 

a; 2 - 2y 2 = 1 



are given by 

x + V2y = (1 + V2) 271 , (12) 

n > 0 is an integer; and all solutions of the Diophantine equation 

z 2 - 2 y 2 = -1, 



are given by 



x + V2y = (l + V2) 2n+1 , 



(13) 



n > 0 is an integer. 

Remark 2.1. Lemma 2.5 shows that the Diophantine equation to 2 + (to + l) 2 = k 2 has 
infinite number of solutions. The first four solutions of the Diophantine equation (11) are given 
in (6-9). It may be mentioned here that the first and third solutions can be obtained from 
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(12) corresponding to n = 1 and n = 2 respectively, while the second and the fourth solutions 
can be obtained from (13) corresponding to n = 0 and n = 1 respectively. The fifth solution 
may be obtained from (12) with n = 3 as follows : 



§3. Some Observations 

In [1] , Muneer has found three relations connecting four consecutive Smarandache inversion 
functions. These are as follows : 

(1) 5/(6) + 5/(7) + 5/(8) + 5/(9) = 10 2 , 

(2 ) 5/(40) + 5/(41) + 5/(42) + 5/(43) = 58 2 , 

(3) 5/(238) + 5/(239) + 5/(240) + 5/(241) = 338 2 . 

Searching for more such relations upto n = 1500, we got a fourth one : 

(4) 5/(1392) + 5/(1393) + 5/(1394) + 5/(1395) = 1970 2 . 



the problem of finding four consecutive Smarandache inversion functions whose sum is a 
perfect square reduces to the problem of solving the Diophantine equation 



x + y/2 y = (1 + V2) 6 = 99 + 70^2 => x = 99, y = 70. 




Since 



5/(n — 1) + SI(n ) + 5/(n + 1) + SI(n + 2) = (n — l) 2 + (n + l) 2 , 



to 2 + (m + 2) 2 = k 2 . 



In this respect, we have the following result. 



Lemma 3.1. If Too, mo + 1 and Z 0 = 
equation 



y^TOg + (m 0 + l) 2 is a solution of the Diophantine 



m 2 + (m + l) 2 = At 2 , 



(14) 



then 2mo, 2(mo + 1) and Iq = 2 y + (mo + l) 2 is a solution of the Diophantine equation 



m 2 + (m + 2) 2 = l 



•2 



(15) 



and conversely. 



Proof. First, let mo, mo + 1 and fc 0 = y rrif } + (mo + l) 2 be a solution of (14), so that 

ml + (m 0 + l) 2 = fcg, (16) 
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Multiplying throughout of (1) by 4, we get 

(2 toq) 2 + [2 (mo + l)] 2 = (2 /cq) 2 , 



so that 2mo, 2 (too + 1) and Iq = 2ko is a solution of (15). 

Conversely, let mo, mo + 2 and Iq = \Jm% + (mo + 2) 2 be a solution of (15). Note that, 
mo and mo + 2 are of the same parity. Now, both mo and mo + 2 cannot be odd, for otherwise, 



mo = l(mod2), ?7io + 2 = l(mod2) =>■ /^(mocM), 
which is impossible. Thus, both mo and mo + 2 must be even. It, therefore, follows that 
+ 1 and ko = ^ is a solution of (14). 



m 0 

~ 2 ~’ 
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Abstract For any fixed positive integer k > 1 and any positive integer n, let a,k(n) and bk(n) 
denote the inferior and superior fc-power part of n respectively. That is, Ofe(n) denotes the 
largest fc-power less than or equal to n, and bk(n) denotes the smallest fc-power greater than 
or equal to n. In this paper, we study the properties of the sequences a,k(n ) and bk(n), and 
give four interesting identities for them. 
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§1. Introduction and Results 



For any fixed positive integer k > 1 and any positive integer n, let ak(n) and fofc(n) denote 
the inferior and superior fc-power part of n respectively. That is, a*,(n) denotes the largest fc- 
power less than or equal to n, and 6 a, (n) denotes the smallest fc-power greater than or equal to n. 
For example, let k = 2, then a 2 (l) = a 2 (2) = a 2 (3) = 1, a 2 (4) = a 2 (5) = a 2 ( 6) = a 2 ( 7) = 4, • • • , 
6 2 (1) = 1, 6 2 (2) = 6 2 (3) = 6 2 (4) = 4, 6 2 (5) = 6 2 (6) = 6 2 (7) = 6 2 (8) = 8, • • • .In problem 40 and 
41 of [1], Professor F.Smarandache asks us to study the properties of the sequences afc(n) and 
bk(n). About these problems, Professor Wenpeng Zhang [3] gave two interesting asymptotic 
formulas of the cure part of a positive integer . These are 

2 

d(as(n)) = Axlr?x + Bxln 2 x + Cxlnx + Dx + 0(x^ +£ ) , 

97T 4 

n<x 



^ 2 

d(bs(n)) = —^Axln 3 x + Bxln 2 x + Cxlnx + Dx + 0(x ^ £ ) , 

97T 4 

n<x 

where A , B , C and D are constants; d(n) denotes the Dirichlet divisor function; £ is any fixed 
positive number. And Jianfeng Zheng [4] gave two asymptotic formulas of the fc-power part of 
a positive integer. These are 



d ( a k ( n )) 

n<x 

d(b k (n )) 

n<x 



fcfc! V kir 2 



fcfc! V kir 2 



) k 1 A 0 xln k x + Aixln k 1 x H + Ak-ixlnx + AkX + 0(x 1 

) k ~ 1 A 0 xln k x + Aixln k ~ 1 x + • • • + Ak-\xlnx + AkX + 0{x 1_ 



A+ e ) 

ik+ e ^j 



where Ao, A\, ■ ■ ■ ,Ak are constants, especially when fc equals to 2, A 0 = 1. 

In this paper, we shall use the elementary method to prove the following: 
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Theorem 1. For any complex number s with Res > 2, we have 
k - 1 



q-(q fc (n)) 

KW) S 



E 



= E C kC(ks - i)((ks - k - i) Jj 



i = 0 



1 | p—(ks—i) P P 

1 -v 



where ((s) denotes the Riemann zeta-function, and a(n ) denotes the Dirichlet divisor function. 
Theorem 2. For any complex number s with Res > 2, we have 



k - 1 



£ tBM = - oc(*» - * - o n 



n=l v n 2=0 p 

Theorem 3. For any complex number s with Res > 2, we have 



1+ (ks-iiPjzP 



1-p 



k - 1 



y P( a k( n )) _ y fli C(^' s — h — i) 

^ K(n)) s ^ fe C(*s-fc-i + l) 



where y>(n) denotes the Euler function. 

Theorem 4. For any complex number s with Res > 2, we have 



<P(Pk( n )) 



k - 1 



(bk(n)) 

n—l y n i=0 



= E(-d 



; -i+i r i ((ks-k-i) 

k ( {ks -k-i + 1) ' 



From the above Theorems, we may immediately deduce the following: 
Corollary. For any complex number s with Res > 2, we have 

y <r(a 2 (n)) = ((2 s - l)C(2a - 2)C(2s - 3) C(2s)C(2s - l)C(2a - 2) 

£r{ Mn)) s C(4s-4) C(4s - 2) 

g a(b 2 (n)) = 2 C(2s - l)C(2s - 2)C(2s - 3) C(2s)C(2s - l)C(2s - 2) 



n—l 



(b 2 {n)Y 



C(4s - 4) 

y <p(a 2 (n)) = ((2s - 3) C(2s - 2) 
( a 2(n)) s C(2 S -2) + C(2 S -l)’ 

y <p(b 2 (n)) = ((2s ~ 3) _ C(2s - 2) 
(b 2 (n)) s ((2s - 2) C(2s - 1) ' 

§2. A simple lemma 

To complete the proof of the theorems, we need the following: 



C(4s - 2) 



Lemma. Assume 

72= 1 

function, then we have 



/O) 



converges absolutely for Res > cr a . If f(n) is a multiplicative 



£^=n[i+ 

72 = 1 P L 



f(p) , f(P 2 ) 



, (Res > <r a ) . 



Proof. (See Theorem 11.7 of [2]). 
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§3. Proof of the theorems 

Now we complete the proof of the theorems. First we prove Theorem 1. Let D k (n) = cr(n k ), 
then D k {n ) is a multiplicative function, and 



E 



q-(a fc (n)) 

(«fcW) s 



cr (2 fc ) y cr (3 fc ) 

/ ^ ^fcs + 2 ks + 3 ks + 

l k <n<2 k 2 k <n<3 k 3 k <n<i k 



E 



N k <n<(N+l) k 



7{N k ) 

]\fks 



t k-1 



[(N + l) k - N k )a{N k ) y, 

Z 7V^ S / 






^ 2=0 



N=1 

k— 1 oo 



N—l 



]\[ks 



Eq E r = E^ E A ' (7V) 

/ K / l\Tks — i / j K / j 



i = 0 N = 1 
k-1 

E c in 

2=0 p L 

k-1 

snti 

2=0 p 

k-1 



J\J~ks—i / j J\Jks—i 

i=0 N = 1 

D k (p) D k (p 2 ) D k {p n ) 



1 + 



pks—i p2(ks—i ) 



pn(ks—i ) 



i + E 



—n(ks—i) P_ 



^ _ ~jkn+ 1 



1-P 



= E c; 1 1 



2=0 P 

k-1 



l + p-( fes - i ) ( P + p 2 + ■ ■ ■ + p fc - 1 ) 
(1 — p-( fc s-*))( 1 — p-(ks-k-i)\ 



= Ec!C(*-»x(*-*-on 



2=0 



fen 



i _i_p-( fcs -*)^ z 

i - p 



It is clear that the right hand side of the above is convergent if Lies > 2, and divergent if 
I?es < 2. This completes the proof of Theorem 1. 

Now we come to prove Theorem 2. By the method of proving Theorem 1 we have 



r(fr fc (n)) 



E 






+ E E W + - + E 



a(3 fc ) 



/ j 2 ks / ^ 

l k <n<2 k 2 k <n<3 k 



(N-l) k <n<N k 



7(N k ) 

Nks 



= E 



N—l 

k-1 



[N k — (AT — l) fe ]<r(iV fc ) 
_/V fcs 



pit-i+lpi D k (N) 

Z^y~ L ) °k Z jyfcs-i - Z^ ^ Z^ jV fcs -* 

AT=1 j=0 N—l 

1 _ „fcn+l 
— n(ks—i ) 1 P 

1 ~P 



2=0 

fc-1 



! + Ep 



E(-D fe - i+i ^n 

2=0 p 

fc-1 

^(-i) fe - i+i cK(fe S - i)aks - k - i) n 



2=0 



V 



1 + P -(MLL 

i -p 



Vol. 3 



Some Dirichlet series involving special sequences 



39 



The right hand side of the above is convergent if Res > 2, and divergent if Res < 2. This 
complete the proof of Theorem 2. 

Using the methods of proving Theorem 1 and Theorem 2 we can also prove Theorem 3 and 
Theorem 4. 
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§1. Introduction and results 

For any fixed positive integer k and any positive integer n, the famous Smarandache ceil 
function Sfc(rc) is defined as follows: 

Sk(n) = m in {m £ N : n \ m k }. 

For exemple, the first few values of S^n) are: 63(1) = 1, 5*3(2) = 2, Sz( 3) = 3, ^3(4) = 
2, S 3 (5) = 5, S 3 (6) = 6, S 3 (7) = 7, S 3 (8) = 2, S 3 (9) = 3, S 3 (10) = 10, S 3 (ll) = 11, S 3 (12) = 
6, S 3 (13) = 13, S 3 (14) = 14, S 3 (15) = 15, S 3 (16) = 4, S 3 (17) = 17, S 3 (18) = 6, S 3 (19) = 
19, S 3 (20) = 10, • • • . 

This function was introduced by Professor F. Smarandache. In reference [1], Ibstedt pre- 
sented that Sfc(n) is a multiplicative function. That is, 

(Va, b€N)(a,b) = 1=> S k (a ■ b) = S k (a) ■ S k (b). 



But Sfc(n) is not a completely multiplicative function. In fact, (2,4) = 2, if k = 3, 

S 3 (2) = 2, S 3 (4) = 2, S 3 (2 • 4) = S 3 (8) = 2 yf S 3 (2) • S 3 (4) = 4; If k = 5, S 5 (2) = 2, 

S 5 (4) = 2, S 5 (2 • 4) = S 5 (8) = 2 ^ S 5 (2) • S 5 (4) = 4; If k = 2, S 2 (3) = 3, S 2 (12) = 6, 
S 2 (3 • 12) = S 2 (36) = 6 yf S 2 (3) • S 2 (12) = 18; If k = 4, S 4 (3) = 3, S 4 (12) = 6, S 4 (3 • 12) = 
S 4 (36) = 6 yf S 4 (3) • S 4 (12) = 18. So Sk(n ) is not a completely multiplicative function. 

On the other hand, it is easily to show that S k (p a ) = p^\ where p be a prime and 

\x] denotes the least integer greater than x. So if n = p^p^'-'P^ is th e prime power 

decomposition of n, then the following identity is obviously: 



S k (n) = Skip^p ^ 2 ■ ■ -Pr r ) = Pi 



L i r^i TtH 

Pi ■■■Pr k ■ 



About the other elementary properties of Sfc(n), many people had studied it, and obtained 
some interesting results. For example, Xu Zhefeng [2] studied the mean value properties of the 
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compound function involving f 1 and Sk(n), and proved that for any real number x > 3, we have 
the asymptotic formula 

V O (Sk(n)) = a; In In x + Ax + O ( - — —) , 
z — ' \ In x ) 

n<.x 



where H = 7 + ^ln ^1 ^ H — ^ , 7 is the Euler constant, and denotes the sum over 



all the primes. 

Sabin Tabirca and Tatiana Tabirca [3] proved that 



n = V\Vi ■"Vs 



Sk(n) = n. 



Ren Dongmei [4] studied the mean value properties of the composite function involving 
d(n) and Sk(n), she proved that 



^d(Sfc(n)) 

n<.x 



6 C(k)x In x 



n 



1 - 



1 

p k + p i 



k - 1 



+ Cx + O 



(x^ +t 



where k is a given positive integer with k > 2, £(s) is the Riemann zeta- function, C is a 
computable constant, and e is any fixed positive number. 

He Xiaolin and Guo Jinbao [5] proved that for any real number x > 2 and any fixed positive 
integer k > 2, 



y a a (5 fe(n)) 

n<x 



6a : a+l C,(ot + l)C(A:(a + 1) — a) 
( a + l)n 2 



R{a + 1) + 0(x a+ ^ +£ ), 



where a > 0, a a (n) = d a , £(s) is the Riemann zeta-function, e be any fixed positive number, 

d\n 

and R(a + 1) — ^1 - ^ a+1 ^_ a _ p (fc_i)( a+ i) ^ ■ 

In this paper, we use the elementary method to study the asymptotic properties of Sk(n\), 
and give an interesting asymptotic formula for it. That is, we shall prove the following: 

Theorem. Let k be a fixed positive integer, then for any integer n > 3, we have the 
asymptotic formula 

71 In 71 

In (Sk(n\)) = — 1- 0(n). 



§2. Some lemmas 



To complete the proof of the theorem, we need the following two simple lemmas. 
Lemma 1. For any positive integer n > 2, we have 



7r (n) 



n n ( n \ 
inn + yin 2 n / 



where n(n) denotes the number of the prime up to n. 
Proof. See reference [6]. 
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Lemma 2. Let n > 2 be any positive integer, then we have the asymptotic formula, 



Proof. See reference Theorem 4.10 of [6]. 

§3. Proof of the theorem 

In this section, we will complete the proof of our theorem. In fact, for any positive integer 
n > 1, let 

I Ql 09 Ot-r 

n! = p 1 1 p 2 2 ■ ■ ■ p r T , 

then from the properties of Sk(n), we have 




In (S fc (n!)) = In (p[ k ^p[ k 1 • • -p[ k ^ 

= fyl In Pi + fyl lnp 2 4 hTyllnp,.. 



It is clear that (see reference [6] Theorem 3.14), 





ln(Sfc(n!)) = Y, l 

»<n 4<r i n n 



p<n ,'< L 

J — In p 
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Noting that, 



V - = V - V - 

pPtp-V ^PiP-V 



but 



, OO 

y lnp <y 

E—/ 7i (n — 1 ^ E— / 



In i 



p p(p~ !) n{n — 1) 



= 0(1), 



E 



In p \-\ In n „ 

< E - — ^ = ° 



p(p — 1) ' p(p — 1) 

p>n / J p>n ' 



In n 
n 



so 



In (Sk(n!)) = ^ E — + °(n). 

P<71 

Combining Lemma 2 and the above formula we may immediately get the asymptotic for- 



mula 



In (S/c(n!)) = nlnn + O(n). 



This completes the proof of the theorem. 
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Abstract In this paper, a fuzzy relaxed approach for multi-objective transportation problem 
is presented by using 7 -operator which allow some degree of compensation between aggregated 
membership functions. It is shown that solutions obtained by this way are efficient. As the 
solvability of the resulting problem is not generally guaranteed , we turn the resulting prob- 
lem to new single objective linear programming by inequalities, and the optimal compromise 
solution is obtained. Simultaneously we avoid the computation of parameter 7 . Numerical 
examples are given to demonstrate the efficiency and practicality of the proposed method. 
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§1. Introduction 

The application of fuzzy set theory to human decision making has received considerable 
attention by a number of authors since the pioneering work of Bellman and Zadeh. We present 
in this paper an approach related to Zimmermann’s and using the 7 -operator is to combine 
fuzzy objective in the sense of the ‘fuzzy OR’. It is shown that solutions obtained by this 
way are efficient. As the solvability of the resulting problem is not generally guaranteed and 
the computation of optimal compensation degree 7 is difficulty (Li (2002)), a fuzzy relaxed 
approach is proposed for multi-objective transportation problem . In this approach, we turn 
the resulting problem to new single objective linear programming by inequalities, the optimal 
compromise solution is obtained. Simultaneously the compensation degree 7 of 7 -operator is 
avoided. Illustrative numerical examples demonstrated the efficiency and practicality of the 
proposed approach. 



§2. Multi-objective linear transportation problem 

Consider a transportation situation having m origins (or sources) Oi(i = 1,2, . . . , m) and 
n destinations Dj(j = 1,2 ,...,n). Let a, be the quantity of a homogeneous product which 
we want to transport to n destinations Dj to satisfy the demand for bj units of the product 
there. A penalty C'L is associated with transportation of a unit of the product from source i 
to destination j for fc-th penalty criterion. The penalty could represent transportation cost, 
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delivery time, quantity of goods delivered, under-used capacity, etc.. A variable represents 
the unknown quantity to be transported from origin Oi to destination Dj . 

A transportation problem can be represented as a multi-objective linear programming 
problem: 

m n 

minZfc = EE Ci jXi j{k = 1,2,..., K). (1) 

i = i j= i 



^ ' Xij — di, i — 1,2,..., 771, (2) 

j=l 



m 

E x ij = b :>' i = 1,2,.- -,n, 
2—1 



(3) 



Sij >0, 7 = 1, 2, ... ,777, j = 1, 2, . . . , 77, 



(4) 



where oq > 0 for all i,bj > 0 for all j, C fj 
condition) . 

m 



m 

> 0 for all and ^ a* 

i= 1 



n 



n 

bj (balanced 

1=1 



Notice that the balanced condition E at = E bj is both a necessary and sufficient con- 

i—i j = i 

dition for the existence of a feasible solution of the (2)-(4). 

The multi-objective transportation problem is considered as a vector-minimum problem. 
For each objective Zk, two values Uk and Lk is the upper bound and lower bound of Zk , 
respectively. Lk is the aspired level of achievement for k- th objective, Uk the highest acceptable 
level of achievement for fc-th objective, dk = Uk — Lk, the degradation allowance or leeway, for 
fc-th objective. Uk and Lk can be determined as following for each objective Zk, respectively, 



Uk — yy(-^lfc + Zik + . . . + Z Kk) , Lk — Zkk, k — 1,2, ... ,K, 

A 



Z ij = Z j (xM), (i,j = 1, 2, . . . , A', ), art l \i = 1,2, ... , K) is the isolated optimal solution of the 
fc-th objective function. 



§3. Fuzzy relaxed approach to multi-objective transporta- 
tion problem using 7 -operator 

Let X denote the feasible region satisfying all of the constraints of the problem (1). More- 
over, we have the following concept. 

Definition. (Pareto optimal solution) x\ £ X is said to be a Pareto optimal solution if 
and only if there does not exist another X 2 € X such that Zk(x\) > Zk{x 2 ) for all fc = 1, 2, . . . , K 
and Zk{x\) > Zk(x 2 ) for at least one fc. 
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The membership function for the k - th objective function is defined as 



1 if Z}~ ^ Lfc , 

Mx) = { 1 - if Lk<Z k < U k , 

0 if Z k > U k . 



( 5 ) 



K 



Let F = G (support f-i k )^ 4> , where support /i k = {x\/i k (x) > 0}. The decision maker wishes 
fc= l 

to obtain a solution satisfying L k < Z k < U k ■ Zimmermann’s fuzzy programming appears 
to be an ideal approach for obtaining the optimal compromise solution to a multi-objective 
transportation problem. However, due to the ease of computation, the aggregate operator 
used in Zimmermann’s fuzzy programming is the ‘min’ operator, which does not guarantee a 
non-dominated solution. Usually we have two methods to overcome this shortcoming. Firstly, 
constructing a new compensatory operator which comprehensives the non-compensatory opera- 
tor ‘min’ used to represent the ‘logical AND’ and the compensation operator ‘max’ used to 
represent the ‘logical OR’, for example, M.K.Luhandjula (1982) presented the fuzzy approach 
for the linear maximum problem using the min-bound sum operator; Secondly, constructing 
new operators which are named the ‘fuzzy AND’ and ‘fuzzy OR’. 

In this paper, we define the fuzzy decision as the following Werners-compensatory operator, 
which represents ‘fuzzy OR’. 

D = {(x,ii D (x))\x £ F}, = 7 min u k + (1 - xTmin i 1, Y'/x*, > . 

K I t—*' I 



k=l 



Using this operator to solve problem (l)-(4), we have the following programming 

( K 



max 



7 min ti k + (1 - 7)— min p, V'/Xfc 



k=i 



( 6 ) 



s.t. x £ F. Although the solution obtained by (6) is efficient for (1), it is not always easy to 

f K \ 

solve (6) by available methods. Assume a = min (3 = min jl, fj, k j, then we turn 

the (6) into the following 



max(l — 7 )a + s.t. /j, k < a, 

K 



K 



where k = 1, 2, . . . , K. ^ /x k > /3, (3 < 1, x £ X. 



k = 1 

Lemma 1. Suppose L k and U k finite and L k < U k . If x is solution of (6), then x is efficient 
for (1). 

Proof. Suppose x optimal for (6) and non-efficient for (1). Then there exists x’ £ X so 
that Z k (x r ) < Z k ( x), k = 1, 2, ... , K and Z k {x r ) < Z k ( x) for at least one k. We have 

Z k (x') -U k Z k (x) - U k 



L k U k 



> 



L k — U k 



k = l,2,...,K, 



Z k (x') -U k Z k (x) - U k 



L k U k 



L k — U k 



k = 1,2, . . . , K, 
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for at least one k. 

As 0 < 7 < 1, we have 



Z k (x)-U k . Z k (x)-U k 

7 mm — t 7r — > 7 mm — z j ~ T — , 

ke{i,2,...,K} L k - U k ke{i,2,...,K} L k - U k 



and 






fe= 1 



Zk{x) Uk 
Uk Uk 



It results that 



7 mm 



Z k {x') - Uk 

k(z{l,2,...,K} Lk Uk 

. Zkijx) Uk 

> 7 mm 

k€{l,2,...,K} Lk Uk 



K 



(i-7)— min<| 1,^2 



k= 1 
K 



(! - 7) ^ lnin { 



k= 1 



k = 1 

Z k {x') - U k ' 
L k — U k 

Z k (x) U k 
L k — U k 



This contradicts the fact that optimal for ( 6 ). 
Lemma 2. If ( x*,a*,/3 *) is optimal for (7), then 



= min ix k (x*), (3* = min {l, fj, k (x *) } . 



Proof. Suppose (x*,a*,(3*) is optimal for (7) and a* / min /j, k (x*), Let a! = 

fce{i, 2 ,...,A} 

min u, k (x*) then a' > a*. (x*,a*,(3*) verifies the constraints of (7) and 7 a* + (1 — 

7)4/3* < l a> + (1 — 7 ) 7 t/ 3*, this contradicts the fact that {x*,a*,(3*) is optimal for (7). 
K K 

r k \ 

(3* = min < 1, ix k (x*) f can be proved in the same way. 

I k= 1 J 

Proposition, x* is optimal for (6) if and only if (x*,a*,(3*), where 

a* = min ^k(x*), (3* = min j 1, V] Hk(x*)\ 
ke{i,2,...,K } 1 ti J 

is the solution to the problem (7). 

Proof, (a) Necessity. If x* is optimal for (6), then 



7 fc6{ i7 n K} Vk( x *) + (1 -7)^ min | 1 ,XjMfe(a:*)| 

>7 min «fc(£) + (1-7)4 mini l,V/x fc (a;) 
ke{i,2,...,K } A [ ^ J 

Suppose that (x*,a*,/?*) with 

a * = feg{ min ^ Hk(x*), (3* = min <j 1, ^ Abc(z*) j 



( 7 ) 

(8) 
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is not optimal for (7). There exists ( x',a',(3 ') ^ (x*, a*, /?*), so that 

Hk(x') < a 7 , k = 1,2 



K 



N Mfe ( x ') > 0 , 0 < 1, a;' € F, 



fc=i 



It results that 



7«* + (1 - 7)^/3* < 7 + (1 - 7)^/3'- 



7 feg{ m in ^ } /x fc (x') + (! -7)-^min|l,^/x fe (a: , )| 



> 7a ' + (1 - i)-^0 

> 7 a* + (1 - 7)^/3* 



= 7 fc min u k (x*) + (1 - 7 ) 4 min j 1 , ^ M^*) 1 , 
fce{i, 2 ,...,A> n k=i J 

which contradicts ( 8 ). 

(b) Sufficiency. If (x*,a*,(3*) is optimal for (7), by the Lemma 1 we have 
a* = min /ifc(x*), /3* = min {l, ^ Hk(x *) } . 

fee{1 ’ 2 ’■"’*} l ti J 

Suppose x* is not optimal for ( 6 ), there exists x 7 so that 



7 min U k (x') + (1 - 7 ) — min M, V ^(a/) 
fce{i, 2 ,...,A} A 



> 



7 min Hk{x*) + (1 - 7 ) ^min l 1, V fj, k (x*) 



fc=i 

if 






k = 1 



= 7 a* + (1 - 7 )— /3*. 



Let 



a 7 = min /z fc (x 7 ), 0 = min < 1 , V' /r fc (x 7 ) > , 

* e Il>2 l ti J 

(. x',a',/3 ') verifies the constraints of (7) and 

7 a 7 + (1-7) ^(3' > 7 a* + (1 -7)^/3*- 

This contradicts the fact that (x*,a*,j3*) is optimal for (7). 

Although the problem (7) has above properties, it is difficulty to solve (7) and find the 
compensation degree 7 of 7 -operator. So, we use the following inequalities 

Ji = (!-7)|:+7^< (l-7)a + 7^/3, 
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a fuzzy relaxed approach using the 7 -operator is proposed. In order to solve (7), we only solve 
the following single objective linear programming 




(9) 



We obtain the optimal solution y = (/3 1 , x 1 ) for (10), where 




The optimal solution objective values Z x = (Z\, . . . , Z %■) with respect to x 1 . Let 



a 



k£{l,2 



mm 



P' = min Mfc(z') > , 




(a is a solution of the problem (7). By Proposition, the optimal compromise solution 
x* and objective values for (1) is x* = x' and Z* = Z\ respectively. 

Algorithm. 

Step 1. Solve the multi-objective transportation problem as a single objective transporta- 
tion problem by taking one of the objectives at one time. 

Step 2. From the results of Stepl, find the lower bound Lk and upper bound Uk values for 
the objective Z ^. The membership function for the objective function Z k is defined by (5). 

Step 3. Applying Werners-compensatory operator proposed by (6) for the multi-objective 
transportation, we get the following programming problem (7). 

Step 4. Solve the problem (8). If the solution to above (8) does not exist, Uk ■= Uk + 
\{Uk — Lk), go to step 3. The optimal solution and objective values of the problem(8) is denoted 
by x 1 and Z 1 , respectively. The optimal compromise solution x* and objective values for (1) is 
x* = x 1 and Z* = Z 1 , respectively , for the original problem (1) are obtained. 



§4. Numerical example 



mmZi — + 4x^2 “I - Ax2± 6.5x22 H - 6 x 23 , 



(10) 



min Z 2 = 2xn + 3 xi 2 + 4xi 3 + x 2 i + 9x 2 2 + 6x23, 



min^3 — 4 xn + 2xi2 + 10xi 3 + 3 x 2 i + 8x22 + ^23? 



3 



3 




2 



2 



2 




Xij >0, i = 1,2; j = 1,2,3. 
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Applying the fuzzy relaxed approach proposed, We obtain the optimal compromise solution 
and optimal objective value asked on MATLAB 7.0 platform 

x* = (1.5554,9.2798,0.1648,5.4446,0.7202,8.8352), 

Z* = (Z\,Zl,Zl) = (110.1343,96.5471,57.3598). 

But applying fuzzy programming approach of A.K.Bit s[8] and U k values in Rakesh (2000): 
U k = max{Zi fe , Z 2 k , ■ ■ • , Z kk } : we get: 

x* = (2.8140,8.1860,0,4.1860,1.8140,9), 

Z* = (Zj\Z*,Z*) = (109.0930,104.6977,63.6977). 

Applying Algorithm (Rakesh et al (1997)), we obtain the following solution: 

x* = (2.3448,8.6552,0,4.6552,1.3448,9), 

Z* = (Z(,Z*,Z3) = (109.3275,101.4136,60.4136). 

Applying Algorithm (Rakesh et al (1997)), but in Rakesh (1987) U k = max{Zifc, Z 2kl . . . , Zx k }, 
we get : 

x* = (2.8138,8.1862,0,4.1862,1.8138,9), 

Z* = (Z*,Z*,Z 3 *) = (109.0930,104.6977,63.6977). 

Above results show that the solutions obtained is nearer to the ideal solution (107,89,51) 
than the solutions (109.3275, 101.4136, 60.4136), (109.0930, 104.6977, 63.6977) and (109.0931, 
104.6966, 63.6966). Hence, we have obtained the better optimal compromise solution by the 
fuzzy relaxed algorithm with a new upper U k . 



§5. Concluding remarks 

In this paper, we suggested a fuzzy relaxed approach for the multi-objective transportation 
problem by using 7-operator which allow some degree of compensation between aggregated 
membership functions. As the solvability of the resulting problem is not generally guaranteed, 
we turn the resulting problem to the single objective linear programming by inequalities, the 
optimal compromise objective values are obtained. Simultaneously the compensation degree 7 
of 7-operator is obtained. 
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§1. Introduction and Results 

For any positive integer n and m > 2, the Smarandache-type function B m (n) is defined as 
the largest m-th power dividing n. That is, 

B m (n) = max{x m : x m | n}(Vn G TV*). 

For example, B 2 ( 1) = 1, B 2 { 2) = 1, B 2 ( 3) = 1, B 2 (4) = 2, B 2 ( 5) = 1, B 2 ( 6) = 1, B 2 ( 7) = 1, 
B 2 (8) = 2, B 2 ( 9 ) = 3, • • • . This function was first introduced by Professor Smarandache. In 
[1], Henry Bottomley presented that B m (n) is a multiplicative function. That is, 

(Va, b G TV) (a, b) = 1 => B m (a ■ b) = B m (a) ■ B m (b). 

It is easily to show that B m (p a ) = p lm , a = im. + l, (i > 0, 0 < l < m), where p is a prime. 
So, if n = Pi x p 2 2 • ■ -Pr r is the prime powers decomposition of n, then the following identity is 
obviously: 

B m (n) = BM'p? • • -p?-) = p? m p? m ■ 
where aj = ijin. + lj (ij > 0, 0 < lj < m). 

Similarly, for any positive integer n and any fixed positive integer m, we define another 
Smarandache function C m (n) as following: 

C m {n ) = maxja; € N : x m \ n}(Vn £ TV*). 

Obviously, C m {n) is also a multiplicative function. 

From the definition of B m (n ) and C m (n), we may immediately get 



B m (n) = C m (n) m 
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Now let A: be a fixed positive integer, for any positive integer n, we define the arithmetical 
function 5k(n) as following: 



5k(n) = max{d : d \ n, ( d , k) = 1}. 



For example, <5 2 (1) = 1, £2(2) = 1, <5 2 (3) = 1, (52(4) = 1, 63(6) = 2,---. About the 
elementary properties of this function, many scholars have studied it and got some useful results 
(see reference [2], [3]). In reference [2], Xu Zhefeng studied the divisibility of Sk(n) by ip(n), and 
proved that <p(n) \ Sk(n) if and only if n = 2 Q 3^, where a > 0, /3 > 0, a, f3 £ N. In reference 
[3], Liu Yanni and Gao Peng studied the mean value properties of <5/ c (fr m (n)), and obtained an 
interesting mean value formula for it. That is, they proved the following conclusion: 

Let k and m are two fixed positive integers. Then for any real number x > 1, we have the 
asymptotic formula 



E Sk{b m {n)) 

n<x 



x 2 £(2 m) tt p m + 1 

2 ((in) ^ p m ~ 1 (p + 1) 

P\k 



+ 0(x^ +e ), 



where e denotes any fixed positive number, £(s) is the Riemann zeta- function, and denotes 

p\k 



the product over all different prime divisors of k. 

Let A denotes the set of all positive integers n satisfying the equation B m (n) = Sk{n). 
That is, A = {n £ N, B m (n ) = Sk(n)}. In this paper, we using the elementary method to study 
the convergent property of the Dirichlet series involving the set A , and give several interesting 
identities for it. That is, we shall prove the following conclusions: 

Theorem 1. Let m > 2 be a fixed positive integer. Then for any real number s > 1, we 
have the identity: 




n£A 



((ms. 



( 1 - — ) 2 

n ( 

p\k 



1-4 



Theorem 2. For any complex number s with Re(s ) > 2, we have the identity: 



E 

71—1 

n£A 



B m (n) 

n s 



(1 M 

c(ms — 1 ) n _ P 7 

p\k P 3 



where £(s) is the Riemann zeta-function, and denotes the product over all primes. 



§2. Proof of the theorems 

Now we complete the proof of our Theorems. First we define the arithmetical function 
a(n) as follows: 

( 1, if n G A, 
a(n) = l 

I 0, if otherwise. 
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For any real number s > 0, it is clear that 




n£A 



OO / \ OO _| 

E a[n) \ 1 

n s n s ’ 

n=l n=l 



OO ^ CXJ ^ 

and > — is convergent if s > 1, thus > — is also convergent if s > 1. Now we find the set A. 

' n s z — ' n s 

n= 1 n=l 

n£A 

From the definition of B m (n) and Sk(n) we know that B m (n ) and 5k{n) both are multiplicative 
functions. So in order to find all solutions of the equation B m (n) = Skin), we only discuss the 
case n = p a . Let a = im+ l, where i > 0 , 0 < l < m, then B m (n) = p lTn . If n = p a , (p, k) = 1, 
now 8k{n) = p a , then the equation B m (n) = Sk{n) has solution if and only if a = im, i > 0 . 
If n = p a , p | k, now 5k{n) = 1, then the equation B m {ri) = Sk{n) has solution if and only if 
a = l, 0 < l < m. 

Thus, by the Euler product formula, we have 



E; 

n—1 

n£A 



nt 1 

n(‘ 



a(p) a(p 2 ) 



n 2 a 



p\k 



1 1 
pS + p2s 






p(m-l)s 



p{m- l)s 



1- 1 

p\k P a pjk * P" 

1 (1 —) 2 

= 

P P ma p\k P s 

( 1 - — ) 2 

= C(ms)]J 



p\k 



1-4 

ps 



n * 



ptfc 



pins p2ms 



This completes the proof of Theorem 1. 



Now we come to prove Theorem 2. Let s = a + it be a complex number. Note that 
B m {n) -C n, so it is clear that ^ m g ; is an absolutely convergent series for Re(s) > 2, by 
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the Euler product formula and the definition of B m (n) we get 



E 

n= 1 
n£A 



Bm (^) 



n- 



B m {p) , B m (p 2 ) 



n 2s 



ni' 

p\k 



P° p* 

B m (p ) , B m (p 2 ) 



n 2 s 



P° p* 

B m (p m ) , B m (p 2m ) 



Bmip™- 1 ) 

p(m—l)s 



n 1 

X X \ jjllliS 

p]k V F 

1 1 ( ^ D 2 s 

P\k V y F 

n^n 

p\k 



P 



2 ms 



l 



p(m- l)s 



nfi+— 

X X \ Ypris jjZms 
p]k \ ^ V 



P s p]k P 17 



n^n 

^ 1 r.ms - 1 ,, 



1-4 

p s 



C(ms-l) J| — 

p\k 



p\k 



This completes the proof of Theorem 2. 
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In space time an event is represented by (aP) = ( ct , x, y , z), j = 0, , 3, with the metric 
( gj r ) = Diag( 1, —1, —1, —1). If it is necessary to employ another frame of reference, then the 
new coordinates x r are connected with x° via the linear transformation: 

& = L(x r , (1) 

where the Lorentz matrix L verifies the restriction: 

LigrjLl = gab , ( 2 ) 

because the Minkowskian line element must remain invariant under L , that is, x r x r = x r x r . 

From (2) we see that L has six degrees of freedom, which permits to work with four 
complex numbers a, (3, 7, 5 such that aS — (3y = 1, then the components of homogeneous 
Lorentz transformation L can be written in the form [l]-[4] : 



Lq = 5(00* + /3/3* + 77* + 65*), 
L° = |( a */3 + 1*5) + c.c., 

Lj = 5(0*7 + (3*5) + c.c., 

L\ = | (a* 5 + /?7*) + c.c., 

L\ = 5(07* - (3*6 ) + c.c., 

L 2 = \{ot*5 - (3*j) + c.c., 

Ll= |(aa* + (3(3* — 77* — 

L\ = | (a* (3 — 7 *5) + c.c., 

where c.c. means the complex conjugate of a 

matrix [5]- [8]: 



L\ = \(a*(3 + 7*5) + c.c., 

L 3 = 5(00* - (3(3* +77* ^ 66*), 

L\ = 5(0*5 + /?7*) + c.c., 

L l = |(o*7-/3*5) + c.c., 

Lf = |(o5* + ^7*) + c.c., 

L§ = 5(07* + (3*5) + c.c., 

L\ = 5(0 *(3 - 7*5) + c.c., 

= 5(00* - (3(3 * - 77* + 55*), 
the previous terms. Therefore, any 2x2 complex 



U = 



a (3 

7 5 



, DetU = o5 — /?7 = 1, 



(4) 
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generates one Lorentz matrix through (3). 

The following relations, which are not explicitly in the literature, give us directly all the 
components (3): 



such that: 



-\U ar O U a] O vb rU tb >, 


u, v = 1,2,3 


l<7?rQ jr , 


u = 0, . . . , 3, 


-\a vjk W k , 


v = 1,2,3, 



U f = 



a 7 

/?* S* 



, Q = UU\ R = U t] U, 



with the Infeld-van der Waerden symbols [9]: 



( 5 ) 



( 6 ) 



( &ab ) = (O-Oofc) =1 = 



Oa&) = (-V2 ab) = ~ <7y = 



1 


0 \ 


( 0 


l\ 




> 


«{,) = (~<7l ab) = = 




\ 0 


1 ) 


V 1 


o / 



0 i 
—i 0 



. («ab) = (-<73 ab) = CT Z = 



1 0 
0 -1 



( 7 ) 



where cr j, j = x,y,z are the known Pauli matrices [6]- [8], [10]. 

The expressions (5) are originals and they show explicitly a direct relationship between L 
and 17, which may be useful in applications of spinorial calculus [9] in Minkowski spacetime. 
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§1. Introduction and Results 



For any positive integer n, the famous F. Smarandache LCM function SL(n) defined as the 
smallest positive integer k such that n | [1, 2, • • • , k], where [1, 2, • • • , k] denotes the least 
common multiple of 1, 2, • • • , k. For example, the first few values of SL(n) are SL( 1) = 1, 
SL( 2) = 2, SL( 3) = 3, SL( 4) = 4, 5X(5) = 5, SL( 6) = 3, SL( 7) = 7, SL( 8) = 8, SL( 9) = 9, 
SL(10) = 5, SX(ll) = 11, SL( 12) = 4, SX(13) = 13, SX(14) = 7, SX(15) = 5, • • • . About the 
elementary properties of S'L(n), some authors had studied it, and obtained some interesting 
results, see reference [2] and [3]. 

For example, Lv Zlrongtian [4] studied the mean value properties of SL(n), and proved 
that for any fixed positive integer k and any real number x > 1, we have the asymptotic formula 



sx ( n ) 

n<.x 



7 r 

12 



x 

lux 



' X 



k 

c i 

hi |n< 



o 



in 



fc+i 



where Ci (i = 2,3,*'- , k) are computable constants. 

Jianbin Chen [5] studied the value distribution properties of SL(n), and proved that for 
any real number x > 1, we have the asymptotic formula 



J2(SL(n)-P(n)) 2 

n<x 




£2 

In x 



O 




where £(s) is the Riemann zeta- function, and P(n) denotes the largest prime divisor of n. 

The main purpose of this paper is using the elementary methods to study the mean value 
properties of P{n)SL(n) and p{n)SL(n), and give two sharper asymptotic formulas for them. 
That is, we shall prove the following two conclusions: 
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Theorem 1. For any real number x > 1, we have the asymptotic formula 

k 



Y P(n)SL(n ) =x 3 -Y 



1<2 



i—1 



ln z x 



O 



x 



ln fe+1 : 



where P(n) denotes the largest prime divisor of n , and Ci (i = 1,2, ••• , k) are computable 
constants. 

Theorem 2. For any real number x > 1, we have the asymptotic formula 



E P(^)SL(n) = x 3 'Y]^, +0 

n<x i = 1 



ln fc+1 : 



where p(ri) denotes the smallest prime divisor of n, bi (i = 1, 2, • • • , k) are computable constants 
and b\ = 

O 

Whether there exist an asymptotic formula for Tr ^ n \ an d is an open 

' SL(n) 



n<.x 



n<x 



SL(ri) 



problem. 



§2. Proof of the theorems 

In this section, we shall use the elementary methods to complete the proof the theorems. 
First we prove Theorem 1. In fact for any positive integer n > 1, let n = p^p^ 2 • • be 
the factorization of n into prime powers, then from [2] we know that 

SL(n) =max{p“ 1 ,p“ 2 ,--- ,p“ a }. (1) 

Now we consider the summation 



YP(n)SL(n). ( 2 ) 

n<x 



We separate all integer n in the interval [1 , a;] into four subsets A, B, C and D as follows: 

A: P{n) > \fn and n = m ■ P(n), m < P(n ); 

B: n s < -P(n) < \/n and n = m ■ P 2 (n), m < ?r 3 ; 

C: n 3 < pi < P(n) < \fn and n = m ■ p\ ■ P(n), where p\ is a prime; 

D: P(n ) < n 3 . 

It is clear that if n 6 A, then from (1) we know that SL(n) = P(n). Therefore, by the 
Abel’s summation formula (See Theorem 4.2 of [6]) and the Prime Theorem (See Theorem 3.2 
of [7]): 



7r(x) = 



/u 

yr Cli ■ X 
i= 1 



In 2 : 



O 



i fc+i 

in x 



where (i = 1, 2, . . . , k) are computable constants and a\ = 1. 
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We have 



£ P(n)SL(n) 

neA 



£ p ( n ) 2 = £ p 2 = £ £ p 2 

neA m-p<x m<y/x m<p< ^ 

m<p 



£ 

n<.y/x 



X ~ 







r 


\mJ 




J m 



2yTr(y)dy + O (m 3 



£ (^3£ ln £ + 0 

m<y/x \ i=l rn 



X 



C(3) • a; 3 • £ 



bj 

In 1 x 



O 



x 



3 . ln fe+l 

m , 
3 



l fc+1 

in x 



(3) 



where £(s) is the Riemann zeta-function, b\ = -, hi (i = 2, 3, • 

3 

Similarly, if n £ C, then we also have SL(n) = P(n). So 



, k) are computable constants. 



£ P(n)SL(n ) 

neC 



£ p 2= £ £ £ p 2 

m PlP <x m <xl m< Pl <J-^Pi<P<^ 

m<pi<p 



£ £ 

m,<xi ™<PlS*v/^F 



X / X \ I P 1 771 

-P?7r(pi) - / 2yn(y)dy 

Vim 2 \pimj J pi 



di(m ) 



m 3 In* — 

, 1 2=1 m 

m<x 3 



+ o 



TO' 



3 ln fc+1 — 



£ — + o 

In* x 



ln fc+1 : 



(4) 



where hi (i = 1, 2, • • • , fc) are computable constants. 

Now we estimate the error terms in set B. Using the same method of proving (3), we have 



£ P(n)SL(n ) 

neB 



£ 

m-p 2 <x 



p 3 = £ £ p 3 



i<l3 m<p< 



C(2) • • £ r£ + O 

In x 

2=1 

0(x 2 ). 



In' 



fe+i 



(5) 



Finally, we estimate the error terms in set D. For any integer n £ D, let SL[n ) = p a . We 
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assume that a > 1. This time note that P(n) <n 3 , we have 



E P(n)SL(n) 

n£D 






E p Q+1 « E p 2a 

mp a <.x mp a <.x 

l l 

a>l,p<x3 a>l,p<x3 

E ” 2 ° E 1 

p a <x m< -%r 

^ — — p“ 

l 

a>l,p<x 3 



< x E P“<A 

p a <x 

1 

Q!>1 ,p<X 3 

Combining (2), (3), (4), (5) and (6) we may immediately obtain the asymptotic formula 



( 6 ) 



E P{n)SL{n) = 

n<x 

+ 



E P(n)SL(n) + E P(n)SL(n) 

n£A n£B 

E P(n)SL(n) + E P{n)SL{n) 

n(zC n(zD 




where P(n) denotes the largest prime divisor of n, and c* (i = 1,2, ■■■ , ft) are computable 
constants. 

This proves Theorem 1. 

Now we prove Theorem 2. We separate all integer n in the interval [1, cc] into four subsets 
A, B , C and D as follows: A: n = 1; B: n = p a , a > 1; C: n = p^p^ 2 , on > 1 , (i = 1 , 2 ); D : 
n = p^p^ 2 ■ ■ ■Ps s i oii > 1, (i = 1,2, ■■■ ,s), s > 3. p(n) denotes the smallest prime divisor of 
n, p(l) = 0 and SL( 1) = 1. Then we have 



E p(n)SL(n) = E p(n)SL(n) + E p(n)SL(n) + E p(n)SL(n). (7) 

n< x n€B n&C n£D 

Obviously if n £ B, then from (1) we know that SL(n ) = p a . Therefore, 



E p{n)SL(n ) 

n6B 



E pp a = Ep 2 + E 



CK + l 



p a <X 



p<x p a <x 

a>2 



x 2 tt 



(x) - f 2yir(y)dy + ol E E p2 

"2 \2<a: 

x~n(x) — J 2yir(y)dy + O (^x 3 ^ 



2<a<\nx , . J 

— — pS x c 



E 

i— 1 



A 

In* a 



O 



ln fe+1 x 



(8) 



where bi = — , bi (i = 2, 3, • ■ ■ , k) are computable constants. 
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If n £ C, then n = p^p ^ 2 , where p\ < P 2 , and SL[n) > y/n, so we have 



Y P( n )SL(n ) = ^ SL(p^p2 2 )pi 

n£C P < \ 1 P < 2 2 — x 

= p i 2pi + X! H ( 0 ) 

P^^v^Pi^-Sr 

Pi P 2 

Finally, we estimate the error terms in set D , this time, n = p^p^ 2 ' ' ‘P^ 3 ■> where s > 3. 
Therefore, n s < SL(n ) < y^, and p(n) < n s , so we have 

^p(n)SL(n) < ^n 5 n 5 Ci T . (10) 

n£D ri<x 



Combining (1), (7), (8), (9) and (10) we may immediately obtain the asymptotic formula 



Y p(n)SL(n ) =x 3 -Y 



In* x 



O 



i fc+i 
In : 



where p(n) denotes the smallest prime divisor of n, and b± = — , 6; (i = 2, 3, • • • , k) are com- 

O 

putable constants. 

This completes the proof of Theorem 2. 



References 

[1] F.Smarandache, Only Problems, not solutions, Chicago, Xiquan Publ. House, 1993. 

[2] A.Murthy, Some notions on least common multiples, Smarandache Notions Journal, 
12(2001), 307-309. 

[3] Le Maohua, An equation concerning the Smarandache LCM function, Smarandache 
Notions Journal, 14(2004), 186-188. 

[4] Lv Zhongtian, On the F.Smarandache LCM function and its mean value, Scientia 
Magna, 3(2007), No. 1, 22-25. 

[5] Jianbin Chen, Value distribution of the F.Smarandache LCM function, Scientia Magna, 
3(2007), No. 2, 15-18. 

[6] Tom M. Apostol, Introduction to Analytic Number Theory, New York, Springer- Verlag, 
1976. 

[7] Pan Chengdong and Pan Chengbiao, The elementary proof of the prime theorem, Shang- 
hai Science and Technology Press, Shanghai, 1988. 



Scientia Magna 
Vol. 3 (2007), No. 3, 63-69 



Ishikawa iterative approximation of fixed points 
for multi-valued 0— strongly pseudo-contract 

mappings 1 

Kai Rani, Shuping Gao^ 

| Department of Mathematics, Xi’ an University of Arts and Science, Xi’ an, 710065, China. 

J Department of Mathematics, Xidian University, Xi’ an, 710065, China. 

E-mail: rankail015@yahoo.com.cn 
xdgaosp@263.net 

Abstract In the uniformly smooth Banach spaces, we discuss Ishikawa iterative approxima- 
tion problem of fixed points for multi-valued cj >— strongly pseudo-contract mappings. Firstly 
we proved the strong convergence theorem of Ishikawa iterative sequence with error approx- 
imation multi-valued cj)— strongly pseudo-contract mappings, then the theorem of Ishikawa 
iterative with error convergence strongly to the unique solutions of the equation f £ Tx 
and / £ Tx + x for multi-valued ^—strongly accretive are proved. Our results extend and 
generalize the results in reference [1]. 

Keywords cj >— strongly pseudo-contract, <f >— strongly accretive, fixed point, iterative sequence. 



§1. Introduction and preliminaries 

Let X be a real Banach space with norm || ■ || and dual X*. F(T) denote the set of all fixed 
points of T. The normalized duality mapping J : E — > 2 A is defined by: J(x) = {/ £ A'* : (x, 
f) = 1 1 a; 1 1 • || /||, ||a; 1 1 = ||/||}. Where (■, ■) denotes the generalized duality pairing. 

It is well known that if X is uniformly smooth, then J is uniformly continuous on bounded 
subset of A'. We denote the single- valued normalized duality mapping by j. 

Definition 1. Let X be an arbitrary real Banach space and I\ be a nonempty subset in 
X. Suppose that T : K — > 2 K is a multi-valued mapping. 

1) T is said to be strongly accretive. If Vx,y £ K and £ Tx, V 77 £ Ty , there exist a 
j{x — y) £ J(x — y) such that {£ — y,j(x — y)) > k\\x — y\\ 2 . Where k > 0 is a constant. Without 
loss of generality we assume k £ (0, 1). 

2) T is said to be <f>— strongly accretive. If \/x,y £ /Land V£ £ Tx, \/y £ Ty, such that 
(£ — rj, j(x — y)) > (j>{\\x - y\\)\\x - y\\. Here exists a j(x — y) £ J[x — y) and a strictly increasing 
function cj) : [0,+oo) — > [0,+oo) with </>( 0) = 0. 

3) T is said to be strongly pseudo-contractive. If / — T is strongly accretive. Where I 
denotes the identity mapping. 
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4) T is said to be (f >— strongly pseudo-contractive. If I — T is ^—strongly accretive. Where 
/ denotes the identity mapping. This implies that \/x,y £ K and £ Tx, Vry £ Ty such that 
(£,—r],j(x — y)) < ||x — y|| 2 — </>(||x — y||)||x — j/||. Here exists a j(x — y) £ J(x — y) and a strictly 
increasing function cj ) : [0,+oo) — > [0,+oo) with </>(0) = 0. 

Definition 2. (1) Let X be an arbitrary real Banach space and K be a nonempty subset 
of X. Suppose that T : K — » 2 K is a multi-valued mapping. {a n }, {P n } are two real sequence 
in[0,l], then for any given xo £ K , the sequence {x n } defined by 

! Xn- f-i £ (1 &n')x n T a n Ty n -f- 

yn £ (1 Pn)x n + PnTx n + V n (jl > 0). 

is called the Ishikawa iterative sequence with error for T. Where {m„}, {fn} are two bounded 
sequence in K . 

(2) If (3 n = a ra (Vn £ N) in (1), the sequence {x n } defined by 

x n +i £ (1 - ot n )x n + a n Tx n + u n (n > 0) (2) 

is called the Mann iterative sequence with errors for T . Where {u n } is bounded sequence in K. 

Recently, the questions of Ishikawa iterative approximation of fixed points for multi-valued 
</>— strongly pseudo-contract mappings have been studied by many authors [1-8]. Zhang W proved 
the strong convergence theorem which generalizes some results [3-8]. 

The purpose of this paper is to extend Theorem 2.1 in [1] in the following ways: 

(1) The assumption that K is bounded have be removed. 

(2) The assumption of the uniformly continuity of have be removed. 

(3) The methods of proof have be improved. 

And we investigate the problem of Ishikawa iterative sequence approximating to the unique 
solution of the equation / £ Tx and / £ Tx + x for multi-valued 0— strongly accretive mapping. 
We need the following lemmas. 

Lemma 1 . [2] Let X be real Banach space. For Va :,y £ X , there exist a j(x — y) £ J (x — y) 
such that || x — y|| 2 < ||x|| 2 + 2(y,j(x-y)). Where J : X — ► 2 X is the normalized duality mapping. 

Lemma 2. Let X be real Banach space and K be a nonempty subset of A. T : X — > 2 X 
is a multi-valued 0— strongly accretive mapping. V/ £ K , the mapping S : K — > 2 K defined by 
Sx = f — Tx + x. If Vx, y £ /Land £ Tx, \/r/ £ Ty, here exists a j(x — y) £ J(x — y) and a 
strictly increasing function <j> : [0,+oo) — > [0, + 00 ) such that (£, — r],j{x—y)) > </>(||x— y||)||x— y||, 
such as the mapping S : K —> 2 K is a multi-valued </>— strongly pseudo-contractive. 

Proof. T : I\ — > 2 K is a multi-valued q i— strongly pseudo-contractive for V£ £ Sx, V 77 £ Sy, 
here exists £1 £ Tx, r/i £ Ty, j(x — y) £ J(x — y) such that (£ — rj,j(x — y)) = ((/ — £1 + x) — 
if -Vi+y),j(x-y)) = {x-y,j(x-y)) - (£1 - T] 1 , j(x-y)) < ||x - y|| 2 - <£(||x - y||)||x - y||. 
Hence S : I\ — > 2 K is a multi-valued ^—strongly pseudo-contractive. 

The following results extend the theorem 2.1 in [1], 

§2. Main Results 

Theorem 1. Suppose that X is an uniformly smooth real Banach space and I\ be a 
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nonempty closed convex subset of X. T : K —> 2 K is a multi-valued strongly pseudo- 
contractive and the range R(T) is bounded. Let {■«„}, {u„} are two bounded sequence in A', 
{a„}, {fi n } are two real sequences in [0,1] satisfying the conditions: (1) a n — > 0, (3 n — > 0(n — » oo) 

OO 

= oo; (2) ||u n || = o(a n ),||u n || — > 0(n — > oo). If F(T) = {x £ K : x £ Tx} ^ 0, then 

n — 0 

\/xq £ K , the Ishikawa iterative sequence with errors {x n } defined by (1) strongly converges to 
the unique fixed point of T in K. 

Proof. Let q £ F(T) yb 0, then F(T) = {q}. If p £ F(T), then p £ Tp. Moreover there 
exist some j(x — y) £ J{x-y ) such that ||p-g|| 2 = ( p~q,j(p-q )) < ||p-g|| 2 -^(||p-g||)||p-g||. 

It follows that <j>(\\p — q||)||p — q|| < 0. From the definition 1, we know that p = q. It implies 
that F(T) = {q}. 

Let {x n }, {y n } is the Ishikawa iterative sequence defined by (1), there exists £„ £ Tx n and 
In £ Ty n , such that 

! ^n - (-1 (1 &n)%n “b OL n TJ n “b U n , , . 

yn = (1 Pn)X n ~\~ Pn^n “b 

By using Lemma 1, we have, 

ll^n+i — q|| 2 = 11(1 - a n )(x n - q) + a n (y n - q) - u n \\ 2 

< (1 - a n ) 2 ||:c n - 1 1 2 + 2 a n (ri n - q,j{x n+1 - q)) + 2(u n ,j(x n+1 - q)) 

= (1 - a n ) 2 \\x n - g|| 2 + 2a n (r) n - q,j(x n+1 - q) - j{y n - q)) 

+2 a n (r) n - q,j(y n - q)) + 2(u n ,j(x n+1 - q)). (4) 

Because ||u„|| = o(a n ), hence there exists 5 n —> 0(n — > oo) such that ||u n || = a n S n (\/n > 0). 

Let 0 < 6 n < 1 (Vn > 0). The range R(T) is bounded. Let Mi = sup ||£ — g|| + ||xo — g|| + 1. 

teR(T) 

First we proof: 

\\x n ~ g|| < Mi(Vn > 0). (5) 

If n = 0, it is easily seen that (5) holds. Suppose that for n (5) holds. For n + 1, we obtain 
\\x n+ i-q\\ = ||(1 - a„)(x„ - q) + a n (r] n - q) - u n \\ 

< (1 -- On) \\x n - g|| -b a„[||77„ - g|| + 6 n \ < Mi. 

|| Vn X n \\ — ||(1 Pn)x n ~b Pn^n “b V n X n \\ 

< Pn\\x n ~ £n|| + ||l>n|| 

< Pn[\\Xn ~ ?|| + ||£n “ g||] + |K|| 

< 2(3 n Mi + 1 1 v n 1 1 . 

Thus 

hn - x n \\ -> 0(n -> oo). (6) 

Since \\y n — g|| < ||y n — x n \\ + \\x n — g||, then the sequence {y n — g}^ =1 is bounded in K. Now 
let M = Mi + sup ||y n — g||. We have 

n> o 

IK^n+i -q)~ ( Vn - g) II = II - 0 t n (x n - g) -b a n (r] n - q) - u n + Pn(x n - g) - Pn{£,n - q) - v n \\ 

< 2[a n + p n }M + IKH + \\v n || -»• 0 (n -> oo). 
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Because X is uniformly smooth, then j is uniformly continuous on bounded subset of A', we 
obtain \\j(x n+1 - q) - j{y n ~ g)|| -> 0 (n -> oo). Let e n = {y n - q,j(x n+1 - q) - j{y n - q)). 
We have e n — » 0(n — * oo). Since T is <j>— strongly pseudo-contractive mapping. Then it follows 
form (4) that 

\\x n+1 - q\\ 2 < (1 - a n ) 2 \\x n - q\\ 2 + 2a„e n + 2a n \\ y n - q\\ 2 

-~2a n (t>{\\y n - q\\)\\y n - g|| + 2||u„|| • \\x n+1 - g||. (7) 

\\Vn-q\\ 2 = 11 ( 1 - Pn)x n + PnZn + Vn- q\\ 2 

= \\(x n ~q)~ Pn(x n - q) + Pn{£,n ~ q) + V n \\ 2 

< (1 - Pn) 2 \\x n - q\\ 2 + 2 pnptn - q,j{y„ - g)) + 2(v n ,j(y n - q)) 

< (1 - Pn) 2 \\Xn - g|| 2 + 2p n M 2 + 2\\v n \\M. ( 8 ) 

Substituting (8) into (7), we have 

K +1 - g|| 2 < OL n ) 2 \\x n - q\\ 2 +2a n e n + 2a n {l- p n ) 2 \\x n - q\\ 2 

+ 2a n (2p n M 2 + 2||u„||M) - 2a n <j>(\\y n - q\\)\\y n - g|| + 2||u n || • ||a: n+ i - g|| 

< \\x n ~ g|| 2 - OLnPihn - q\\)\\y n - gll + a n [A„ - <f>(\\y n - g||)||y„ - g||], (9) 

where A„ = (a n + 2 P 2 )M 2 + (4||u„|| + 2 5 n )M + 2e n . 

Since 

lim a n = lim P n = 0, 

n — >-oo n — >-oo 

and as n — > oo, ||u n || — > 0, S n — > 0, e n — ► 0. 

We obtain A n — ► 0(?r — ► oo). We show that 

inf ' bn - g|| = 0. 

n> 0 

If not assume that 

inf || y n - g|| = 6 > 0, 
n> 0 

that for every n > 0, || y n — g|| > 5 > 0, hence 

<t>{\\yn - g||)||j/n - g|| > P(5)S > 0. 

Since 

lim A n = 0, 

n — >-oo 

we see that, there exists some fixed No e N , such that 

An < 4>(S)5, 



for all n > No- 

From (9), for every n > Nq, we have 



||x n+ i - g 1 1 2 < ||x„ - g|| 2 - a n p{6)6. 
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Leads to 

OO 

<t>{& ) 6 ^ a»< ||ziv 0 - q\\ 2 , 

n=N 0 

which is in contradiction with the assumption that 



OO 

a n = oo. 

n— 0 



Hence there exists a subsequence || y ni — g , ||^ =1 of \\y n — gH^L-p such that \\y n . — g|| — > 0(i — > oo). 
Using (6), we have 

||ar ni - q\\ -> 0(i -> oo). 



We have 

Ve > 0, 3 i 0 G IV, Vi > i 0 , \\x ni — g|| < e. (10) 

Suppose that lim a n = lim f3 n = 0, ||u n || — > 0(n — > oo), ||u n || — > 0(n — > oo) and 

n — >00 n — »oo 

lim \ n = 0, then there exists some N\ G N(N\ > N 0 ). Vn > N- t , such that 0 < a n < . , e ,, , 

n— ► oo i-Oivi 

0<(3n< 1 IKII < |, 1 1 Vn 1 1 < f, 0 < A n < </>(§)£. 

Now we want to prove that 

Ikrti+fe - ?|| < £• (11) 



as rii> N 1 for all K G N and Vi > io- Then k = 1, if ||x ni +i — g|| > e, then Mrn > Ni, 

|| q\ || (^n., Q 1 ) T {.Vrii ^rii) 3“ || ^ | ^| I 3“ || Vrii 1 1 3” 1 1 



Hence ||x ni - g|| > ||x n;+1 - g|| - a Ui \\r) ni - x ni || - 



> e 2 M — 4 e > 0, 



\y ni — q\\ = 11(1 - /3 ni )x ni 3- 3- v Ui - g|| 

— W't'rii ^11 Pn.i ||£n^ ^Tli 1 1 W^m 

3 £ 1 

> -£ — 2M = -£>0. 

“ 4 16M 8 2 



Using (9), (10) and definition 1, we have, 



e 2 < \\x ni+1 ~ q\\ 2 < \\x ni ~ q\\ 2 + K t a ni - 2a ni (j){\\y ni - q\\)\\y ni - q\\ 

< £ 2 + a„>(|)£-2a ni ^(|)| = e 2 . 

This is a contradiction. Suppose that ||x ni +fc — g|| < £, we show that ||x ni +fe+i — g|| < £. If not, 
assume that ||x ni +fc+i — g|| > e, then 

S £ 3 

\\x ni +k-q\\ > \\x ni +k+l -g|| - a ni+k \\r] ni+k - Xn i+ k\\ - lluni+fcll > £ ~ 2M ^QM ~ g = \ E > 0 

3 £ £ 1 

|| 2/ni+fc — #|| ^ ||^ni+fe — #|| — Pm+k ||Cni+fe — #n*+fc|| — H^ni+fc || > ~ ~ g = > 0 

£ 5: H^'ni+i-t-fc+l #|| ^ H^nj+fc #|| T ^rii+k&rii+k 2oi ni -|_fc0( || y ni _|_^ #|| ) H^/nj+fc #|| 

£ £ £ 

— £ ^m-\-k4^i. 2 ^o; ni / c 0( — ) — ^ ’ 

which is a contradiction. So we can deduce that lim ||x n — q || = 0. 

n — >-oo 

This completes the proof. 
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§3. Ishikawa iterative process for solution of the equation 

Theorem 2. Suppose that X is an uniformly smooth real Banach space and I\ be a 
nonempty convex subset in X. T : K — » 2 K is a multi-valued ^—strongly accretive mapping, 
where {a n },{/3 n } are two real sequences in [0, 1], and {un},{i’n} are two bounded sequences in 
K satisfying the condition: 

OO 

(1) a n — > 0,/3„ -> 0(n -> oo), y^ a n = oo; 

n—0 

(2) \\u n || = o(a n ),||u n || — ► 0 (n — > oo). V/ £ K, for every x £ K , the mapping S : K 2 K 
defined by 5a; = / — Tx + x. The range R(S) is bounded. If F(S) ^ 0, then for Vxo £ K , the 
Ishikawa iterative sequence with errors {x n } defined by 

{ Xn + 1 £ (1 &n)x n “t” ^nRUn “t” 

J/n £ (1 - Pn)x n + PnSx n + V n , 

strongly converges to the unique solution of equations / £ Tx. 

Proof. Let q £ F(S) ^ </), then q £ S(q) = f — Tq + q. We have / £ Tq. Since T is 
a multi-valued (/>-strongly accretive mapping. By lemma 2, the mapping S : K —> 2 K defined 
by S x = f — Tx + x is a multi-valued (^strongly pseudo-contractive. Since the range R(S) is 
bounded, by theorem 1, {x n } strongly converges to the unique fixed point q of S in K, then the 
sequence {x n } strongly converges to the unique solution q of equations / £ Tx. This completes 
the proof. 

Corollary. Suppose that X is an uniformly smooth real Banach space and K be a 
nonempty convex subset in X. T : K — » 2 K is a multi-valued ^—strongly accretive mapping, 
where {a n } , {/3 n } are two real sequences in[0,l], and {u n } 7 {u n } are two bounded sequence in 
K satisfying the conditions: 

OO 

(1) a n -> 0,/3„ -> 0(n -> oo), a n = oo; 

n—0 

(2) ||u n || = o(a n ), ||w n || — > 0(n — » oo). V/ £ K, for every x £ K, the mapping S : K — > 2 K 
defined by Sx = f — Tx. The range R(S) is bounded. If F(S) ^ 0, then Vxo £ K, the Ishikawa 
iterative sequence with errors {x n } defined by 

! Xn + 1 £ (1 Qn)x n a n Sy n -t- u n7 
Un £ (1 fin)x n -f p n Sx n V n7 

strongly converges to the unique solution of equations / £ Tx + x. 

Proof. Let T = I + T, it follows / £ Tx + x and / £ T x. By the theorem 2, the 
sequence {i„} strongly converges to the unique solution of equations / £ T x. The sequence 
{a ;„} strongly converges to the unique solution of equations / £ Tx + x. 

This completes the proof. 
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Abstract In this paper, we study the divisibility of the Smaradache combinatorial sequence 
of degree r, and prove that there has only the consecutive terms 1, 2, 3 of the Smarandache 
combinatorial sequence of degree 3 are pairwise coprime. 
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§1. Introduction and Results 

Let r be an integer with r > 1. We define the Smarandache combinatorial sequence of 
degree r as SCS(r) = {a(r, n)}^^ , where a(r, n) = n in = 1, 2, • • • , r), and a(r,n) ( n > r) is 
the sum of all the products of the previous terms of the sequence taking r terms at a time. In 
[1], Murthy asked that how many of the consecutive terms of SCS(r) are pairwise coprime. Le 
Maohua [2] study the divisibility of the Smaradache combinatorial sequence of degree two, and 
obtained the following conclusion: 

• For any positive integer n , we have a(2, n + 1) = 0(mod a(2, n)). 

• There has only the consecutive terms 1, 2 of SCS(2) are pairwise coprime. 

In this paper, we use the elementary method to study the divisibility of the Smaradache 
combinatorial sequence of degree r and prove the following results: 

Theorem. Let a(r,n ) = b(n), if n > r, then we have 




where 



any r components of the vector (ri, r 2 , • • • , r„_i) can’t equate to 1 at the same time. 
Corollary 1 . Let n, r are two positive integers, if n > r, then we have 

a(r, n + 1) = 0(mod a(r, n)). 




By the above corollary 1, we may immediately obtain the following corollary. 

Corollary 2. There has only the consecutive terms 1, 2, 3 of SCS( 3) are pairwise coprime. 
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§2. A simple lemma 



To complete the proof of the theorem, we need the following simple lemma. 

Lemma. Let r, ri, r 2 • • ■ r n are positive integers and bi, b 2 , ■ ■ ■ ■ b n are arbitrary real 
numbers, we have 



(bi + b 2 + ■ ■ ■ + b n ) r — 



r l+ r 2H \~ r n =r 

0 <r^<r 



ri!r 2 ! •• -rj 



b r yb r y ■■■¥-, (* = 1, 2, - - - ,n). (1) 



Proof. We use induction on n. 

The formula (1) is true for n = 1. If n = 2, then we have 



r! 



The right hand of (1) = b\ + — l b 2 + 



r! 



(^2)121^ + - + 65 



(r- — 1)! 

r 

= J2 C r b l~ lb l 

i = 0 

= (bi + b 2 ) r = the left hand of (1) 

Therefore, the formula (1) is true for n = 2. Assume that the lemma is true for n < k, if 
n = k + 1, then we have 



E 



T’l+r 2 + ---+r' fc + 1 = 

0 <n<r 



n\r 2 } . ■ ■ ■ r k + 1 ! 






+ 

+ 

+ 

+ 

+ 



ri+^d 1 -r k 

0 <ri<r 



E 

+•••- 
Cri < 

cl E 

2 _i — 

<r^< 

d E 

2+ r k 
ri<r 

cr 1 E 



n!r 2 ! ■ • - r fc ! 






ri+r 2 + -.-+r fc =r-l 

0<rj<r— 1 



( r h ri h r2 h rk h 

j j 1 b 2 ’ " b k °k+l 

r\\r 2 \ • • • rfc! 



fl+r 2 +r fe =r— 2 

0<rj<r— 2 



(r ~ 2)! 

ri!r 2 ! • • -r fe ! 



r l+ r 2 H t T 7e = 1 

0<ri<l 



ri!r 2 ! • • - r fe ! 



W"-M +1 + 






(&i + b 2 + h b k y + C*(&i + b 2 + ■ ■ ■ + b k ) r 1 b k + 1 

C^(6i + b 2 + ■ ■ ■ + bk) r ~b k+ 1 + • • • 

Cj; 1 (6 i + 6 2 H 1- bk)b r k+ \ + 

r 

Y / c l r (b 1 + b 2 + --- + b k y-% +1 

i = 0 

(6i + b 2 + ■ ■ ■ + bk+\) r ■ 



Thus, the lemma is proved. 
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§3. Proof of the theorem 

In this section, we shall complete the proof of the theorem. Let a(r,n) = b(n), then from 
the definition of SCS(r) we know that &(1) = 1, b( 2) = 2, • • • , b(r ) = r. If n > r, then we get 
from (1) that 



/ n— 1 



E w = E 



, 2=0 



r l + r 2 H f » n-l = 

0 <ri<r 



ri!r 2 ! • • -r„_i! 



b ri (l)b r2 (2) • • • b r "~ 1 (n—l). 



By the definition of SCS(r) and formula (2), we have 

_ ( /n—l \ r 



b w = w E b w - E 



rl 



,i=0 



where 



n!r 2 ! • • -r n _i! 



n—l 



b ri (l)b r2 (2) • • • & r " _1 (n — 1) 



/ = < (ri,r 2 , • • • ,r„_i)| ^ = r, 0 < r* < r > , 



any r components of the vector (rq, r 2 , • ■ ■ , r ra _i) can’t equate to 1 at the same time. 
Thus, the theorem is proved. 

From the formula (2), we also have 



6 ( n+1 ) = i<! (E 6 (*)) -E 



,»= 0 



ri!r 2 ! ■ • -r n \ 



V'(l)V 2 (2)---b r "(n)\, 



where 



j = < ■ ,r n )\ E r * = r > 0 < n < r \ , 



i—l 



any r components of the vector (n, r 2 , • • • , r n ) can’t equate to 1 at the same time. 
Since 



(2) 



( 3 ) 



( 4 ) 



b(n + 1) — b(n) 
1 



£*(•) 






2=0 / J 

r\ 



n!r 2 ! ■■■r n \ 



b r '(l)b r2 (2)...b r "(n)-[Y,m 



,2=0 



r\ ^ r i!r 2 ! • • ■ r„_ i! 



6 ri (l)6 r2 (2) • • • b rn ~ 1 (n — 1) 



b(n ) 



(r — 1)! 



E w ) - E -,- r . ^ , feri (i)^ r2 (2) • • • & r - 1 (« - 1) 



,2 = 0 



K 



r\\r 2 \ • • -r n _i! 



where 



/\ = < (ri, r 2 , ■ • • ^ = r - 1, 0 < n < r - 1 > , 



j=i 



any r — 1 components of the vector (ri, r 2 , • • ■ , r„_i) can’t equate to 1 at the same time. 
Hence 



b(n + 1) — b(n) = Cb(n) 
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where C = a{r — 1, n) is a constant. 

Using the properties of congruence, we have 

a(r, n + 1) = 0(mod a(r, n)). 

Thus, the corollary 1 is proved . 
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Abstract For any positive integer n, the Smarandache Superior Prime Part P p (n) is the 
smallest prime number greater than or equal to n; For any positive integer n > 2, the 
Smarandache Inferior Prime Part p p (n) is the largest prime number less than or equal to 

n. The main purpose of this paper is using the elementary and analytic methods to study 

S n 

the asymptotic properties of — , and give an interesting asymptotic formula for it, where 

J-n 

In = {p P ( 2) + p P (3) 4 1- p p (n)}/n and S n = {P p ( 2) + P p { 3) 4 4- P p {n)}/n. 



Keywords Smarandache superior prime part, Smarandache inferior prime part, mean value, 
asymptotic formula. 



§1. Introduction and results 



For any positive integer n > 1, the Smarandache Superior Prime Part P p (n) is defined as 
the smallest prime number greater than or equal to n. For example, the first few values of P p {n) 
are P p { 1) = 2, P p ( 2) = 2, P p ( 3) = 3, P p ( 4) = 5, P p ( 5) = 5, P p ( 6) = 7, P p { 7) = 7, P P ( 8) = 11, 
P p { 9) = 11, Pp(10) = 11, P p (ll) = 11, P p ( 12) = 13, P p (13) = 13, Pp(14) = 17, P p (15) = 17, 
• • • . For any positive integer n > 2, we also define the Smarandache Inferior Prime Part 
P p (n) as the largest prime number less than or equal to n. Its first few values are p p ( 2) = 2, 
P P ( 3) = 3, p p ( 4) = 3, p p ( 5) = 5, p p ( 6) = 5, p p ( 7) = 7, p p ( 8) = 7, p p (9) = 7, p p (10) = 7, 
Pp(ll) = 11, •••. In the book “Only problems, Not solutions” (see reference [1], problems 
39), Professor F. Smarandache asked us to study the properties of the sequences {P p (n)} and 
{p p (n ) }. About these problems, it seems that none had studied them, at least we have not 
seen related results before. But these problems are very interesting and important, because 
there are close relationship between the Smarandache prime part and the prime distribution 
problem. Now we define 



In = (Pp(2) 4-Pp(3) 



-p p (n)}/n, 



and 



S n — |Pp(2) 4- Pp( 3) 4- • • • 4- P p (n)}/n. 

In problem 10 of reference [2], Keniclriro Kashihara asked us to determine: 
(A). If lim ( S n — I n ) converges or diverges. If it converges, find the limit. 



(B). If lim —H converges or diverges. If it converges, find the limit. 

n—*o o 
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For the problem (A), we can not make any progress at present. But for the problem (B), 

we have solved it completely. In fact we shall obtain a sharper result. 

In this paper, we use the elementary and analytic methods to study the asymptotic prop- 
s' 

erties of — and give a shaper asymptotic formula for it. That is, we shall prove the following 
In 

conclusion: 

Theorem. For any positive integer n > 1, we have the asymptotic formula 



Sn 

In 



= 1 + 0 






From this theorem we may immediately deduce the following: 
Corollary. The limit S n /I n converges as n — > oo, and 



lim ^ = 1. 

n— >oo l n 



This solved the problem B of reference [2] . 



§2. Some lemmas 

In order to complete the proof of the theorem, we need the following several lemmas. 

First we have 

Lemma 1. For any real number x > 1, we have the asymptotic formula 

^2 (^+ i - p«) 2 < x^ +e , 

P„ + 1<X 

where p n denotes the n-tli prime, £ denotes any fixed positive number. 

Proof. This is a famous result due to D.R. Heath Brown [3] and [4]. 

Lemma 2. Let x be a positive real number large enough, then there must exist a prime 
2 

P between x and x + x 3 . 

Proof. For any real number x large enough, let P n denotes the largest prime with P n < x. 
Then from Lemma 1, we may immediately deduce that 

(P„ - P„_i) 2 <C x^ +e , 

or 

P n - P n - 1 <C xi. 

2 

So there must exist a prime P between x and x + x 3 . 

This proves Lemma 2. 

Lemma 3. For any real number x > 1, we have the asymptotic formulas 



p p( n ) = \ x2 + 0 


(*•)■ 


n<.x 

22 p p(™) = \ x2 + °\ 

n<x 





and 
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Proof. We only prove first asymptotic formula, similarly we can deduce the second one. 
Let Pk denotes the fc-th prime. Then from the definition of P p (n) we know that for any 
fixed prime P r , there exist P r+ 1 — P r positive integer n such that P p (n) = P r . 

So we have 



E P » = ^ P n -(P n+1 -P n ) 



n<x 



P n+1 <x 



= \ E { P n + l~Pl)-\ E (Pn+l-Pnf 



P„ + 1<X 



Pn+ 1<X 



= \p 2 {x)- 2-\ Y. (Pn + l~Pn) 2 , 

Pn+ 1<» 

where P(x) denotes the largest prime such that P[x) < x. 

From Lemma 2, we know that 

P(x) = x + O ^ 0 +^ . 

Now from (1), (2) and Lemma 1, we may immediately deduce that 

P p (n) = ^ • x 2 + O (x * ^ + O — P x 2 + O (x^ ■ 



(1) 



(2) 



This proves the first asymptotic formula of Lemma 3. 

The second asymptotic formula follows from Lemma 1, Lemma 2 and the identity 



E p p( n ) = E p « • ( p » - Pn ~ ^ 



P n < 1 



= \ E ( P n ~ P n~ l) +JE( P "- P "-l) 2 



P n <X 



Pn 



= \P 2 {X) + \ E ( P « - P n-lf 



P n <2 



§3. Proof of the theorem 



In this section, we shall complete the proof of the theorem. In fact for any positive integer 
n > 1, from Lemma 3 and the definition of I n and S n we have 



and 



In = {p P { 2) + P p { 3) H h p p {n)}/n = - 

n 



S n — {P p (2) + P p ( 3) + • • • + P p (n)}/n — — 



^n 2 + O 



^ n 2 + O 



= -» + o(»l), 



= -n + O (n* ^ . 



Combining (3) and (4), we have 



Pn _ + 



= 1 + 0 



(n^). 



( 3 ) 



( 4 ) 
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This completes the proof of Theorem. 

The corollary follows from our Theorem as n — t oo. 
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Abstract Using Schauder fixed point theorem, the existence of solutions to the Dirichlet 
problem Au = f(x,u), u|an = 0 is obtained. 
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§1. Introduction 

Consider the Dirichlet problem 

(P) A u = f(x, u), x € R; u = 0, x £ dR. 

Where il is a bounded neighborhood of R n with smooth boundary / : Q x R — > R is a 
caratheodory mapping. On research of this problem, most articles always exert some given 
conditions on nonlinear term /, then obtain the existence of solutions with calculus of variations, 
see [1] , [2] , [3] . In [4], the author exerted Hartman conditions on nonlinear term / studied the 
case n = 1( also see [5]), where Schauder fixed point theorem is used and the existence of 
solutions for problem (P) is obtained. In this paper, we generalize the method of [4] into more 
ordinary problem (P) for the case n > 1). 



§2. The preparing knowledge and the lemma 

Assume | • |p is the norm of L p (fi) space and || • || is the norm of ifg(f2) space, which can 
be induced from the following definition of inner product 

(u,v) = / Vu • Vvdx, u, v £ Hq (fl). 

Suppose Ai is the first characteristic value of —A, then the inequality of Poicare 

f u 2 dx < T f \X7u\ 2 dx, u £ (fi). (1) 

Jn Ai Jq 



holds. 
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Lemma. \/h £ L 2 (Q), there is a unique solution s(h) to the problem 

(Po) Au - u = h(x),u\on = 0. 

Where the mapping S : L 2 ( Q) — > Hq(Q) is continuous S maps the bounded set of L 2 (fl) into 
the bounded set of Hq (Q). 

Proof. Obviously, the solutions of problem (Po) are equal to the critical points of func- 
tional Jh{u ) , where 



r I ,,2 

Jh{u)= / [-|Vu| 2 + — + h(x)u(x)\dx, u £ Hq(SI). 

J Q 



(2) 



Thus we can easily know that J k is a strictly convex and lower semi-continuous coercive func- 
tional. We can also conclude that the unique minimum point uq is a weak solution of problem 
(Po) and every minimal sequence (I4)fceiv of functional Jh(u) strongly converges to uq, where 
u £ Pg(fi). Define mapping S as following: 

S : L 2 (n) -> H%(tl),h >-> S(h)=u 0 . 

If ( hk)keN £ P 2 (H) is a sequence converging to h and Uk = S{hk ) is a minimum point of 
Jh k , then (uk)k&N is bounded in Hq({1) space and we have 

Jh{uo) < Jh{u k ) = J hk (u k )+ / (h — h k )u k dx 

Jn 

< J hk (u 0 )+ / (h — h k )u k dx 
Jn 

= Jh(u 0 )+ / {h- h k ){u k - u 0 )dx. 

Jn 

So (ttfc)fcgjv is also a minimal sequence of Jh and strongly converges to uq , where u k £ 
Po(n). Thus the mapping S : L 2 ( fl) — > Hq(Q) is continuous. 

Finally, if \h\ 2 < R , where R is a positive number, then from J h (S(h )) < J h ( 0) = 0 and 
Uq = S(h), we can obtain 



|Vu| s 



r 

dx+ / ~^dx < \h\ 2 \u \2 < R\u 0 \2 < CR\\u 0 \ 

Jn 2 



J n 2 

So the norm ||rto|| is bounded. The proof is complete. 



§3. Main results 

Theorem. If 



\f{x, f)| < Ci + C 2 \t\,\/x £ fl, Vt £ R , 



(3) 



where Ci, C 2 , R > 0, such that 
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for all u £ L 2 (Q) and M 1 2 = R , then the problem (P) has at least a solution u such that 

M 2 < R- 

Proof. Define a mapping Pr ■ L 2 (fi) — > L 2 ( 12), where Pr(u) = u when |u| 2 < R and 
Pr(u) = ^ when |rt| 2 > R. We can easily conclude that the mapping Pr is continuous and 
bounded in P 2 (12) space. Consider the problem 

Au-u = f(x,P R (u)) - Pr{u) = f R (x,u), 

where u\gn = 0. Obviously, problem (Pi) is equal to problem (P) when M 2 < R- From the 
lemma, we know that the Dirichlet problem Au — u = h(x) has a unique solution S(h ) for every 
h £ L 2 ( 12), where u\gn = 0. So seeking for solutions of the problem (Pi) is equal to solving this 
fixed point problem 



u = S o N fR (u), 



( 5 ) 



where h £ P 2 (fl) and Nf R is a Nemisky operator concerned with /r . Continuously applying 
the lemma and (3) we can prove that S o Nf R is a completely continuous operator from P 2 (fl) 
to L 2 (fl) and SoNf R is bounded in L 2 ( f2) space. Using Schauder fixed point theorem we know 
that u is a solution of problem (Pi). If M2 < R , then u is a solution of the problem (P). Now 
we prove M 2 < R with the reduction to absurdity. 

Suppose u 1 2 > R , then we have 



/ \S7u\ 2 dx = / (—Am • u)da 

J n J n 



In . 



-u 2 - f(x, P R (u )) • u + 



Ru 2 

\u\2 



dx. 



Further, we have 



and 



n RU . , 

— u 2 + — — ) dx < 0 

M2 



- / f(x, Pr(u)) ■ udx < 0. 
Jn 



Then 



This contradicts the fact 



Flu 2 

-M 2 - f( Xl PR( U ))-U+^- 

m l M2. 



dx < 0. 



/ \S7u\ 2 dx > Ai M|| > A 1 P 2 > 0, 
Jn 



(6) 



Thus M 2 — R- proof is complete. 

Conclusion. If we modify condition (4) of the theorem to /( x, u)-u> 0, where u £ L 2 (Q) 
and M 2 = -Rj then the problem (P) has at least a solution such that M 2 — P- 
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Abstract We show that , , 

( 1 -*) 

is a polynomial of degree n in i. 

Keywords Chebyshev polynomials, Fejer Kernel. 



where T m (a;) is a first-kind Chebyshev polynomial, 



Here we consider the first-kind Chebyshev polynomials T rrl (x), x S [—1,1], defined by [1-3], 



Tq{x ) = 1, Ti(x) = x, T 2 (x ) = 2a; 2 — 1, T^( x) = 4a; 3 — 3a;, 



T±(x) = 8a: 4 — 8a: 2 + 1, T$(x) = 16a; 5 — 20a; 3 + 5a:, 



(1) 



then, 



(i -m _ , 

(1-x) “ ij 



^ = 2(l+x). 



Tra 1 = (2a; + l) 2 , TT^T = 8x2 ( 1 + x), 



(2) 






= 16a; 4 + 16a; 3 - 4a; 2 - 4a; + 1, • 

x ) 



that is, 






, , n= l,2 r 

1 — X 



(3) 



are polynomials of degree (n — 1) in x, in fact, (1) can be written [4] in terms of the Gauss 
hypergeometric function, 



T m (x ) = F 1 ( -m, to; 



, 9 , to 2 (to 2 — 1) . , 2 m 2 (m 2 - 1)(to“ - 4) 

= 1 - m 2 (l - x) -\ -(1 - a;) 2 —21 2(1 - a;) 3 H , 



(4) 
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thus it is evident that [1 — T m (x)\ accepts to (1 — a;) as factor, which is showed in (2). From 
(3) and (4) we can obtain the expression, 



W n - i(x) =n ^ 



n + r 



(. x — l) r 1 , n = 1, 2, 



tri n + r \ 2 r 

where we have explicitly to W m as a polynomial of degree mini, 

W 0 = 1, W x = 2x + 2, W 2 = 4x 2 + 4x + x, 

W;i = 8x 3 + 8x 2 , W4 = 16x 4 + 16a: 3 — 4a: 2 — 4a: + 1, 
On the other hand, we know that [5], [6]: 

T n ( cos 9) = cos (n9), x = cos (9) 

therefore, 

T n = l-2sin 2 (n§) = 1 - 2 sin 2 (f ) 

= 1 — (1 — cos9)2nnK n (9) = 1 — (1 — a:)27r nK n , 



being K n the Fejer Kernel [4]- [8], 
F 



K (9\ = 1 sin2 ( n D 

’ 2t rn sin 2 (|) ’ 



n = 0,1,2,- 



( 5 ) 



( 6 ) 



( 7 ) 



(8) 



( 9 ) 



of great importance in Fourier series. Then (3) and (8) imply the interesting relationship, 



W m -i(x) = mK rn (9), x = cosO , 

F 



(10) 



that is, the Fejer Kernel generates to W n which are new in the literature and that we name 
fifth-kind Chebyshev polynomials. 

In [2]- [9], we find the Chebyshev polynomials of fourth-kind, 

, , sin(?z + 1)9 , 

W n ( x) = —s- — = 2nK n (9), x = cos 9, (11) 

sm(|) d 



where appears the Dirichlet Kernel K n [4]- [6], [8]. Thus (11) makes very natural the existence 

D 

of (10), and then each Kernel has its corresponding Chebyshev- like polynomials. 

We also have the Chebyshev polynomials of the second and third kinds [1], [2], [9], 



Unix) 



sin(n + 1)9 
sin 9 



V n (x) 



cos (n + \)9 
cos(|) 



(12) 
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however, it is important to note the fundamental character of our polynomials W m because 
they generate the four kinds, 

T m 0) = 1 + (x - l)W m -x{x), W m (x) = W m (x) - W m -i(x), 

2(1 + x)U m (x) = W m + i(x) - W m -i(x), (13) 

(1 + x)V m (x) = 2+(x- 1 )[W m (x) + W m -\{x)\. 

In other work we will investigate themes as recurrence, generating function, interpolation 
properties, Rodrigues formula etc., for the Chebyshev polynomials W n introduced in this paper. 
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plane, and prove that the random Dirichlet series of finite order almost surely do not have 
deficient function. 

Keywords Finite order, Dirichlet series, random series, deficient function. 



§1. Introduction and Results 



Many results have been obtained on value distribution of random Dirichlet series, see [1]. 
Recently, Professor Sun proved that random Taylor series of finite order almost surely (a.s.) do 
not have deficient function in [2] . But for random Drirchlet series, the corresponding result has 
not been studied. In this paper, the problem on random Dirichlet series in the right-half plane 
will be discussed. 

Consider Drichlet series 

OO 

f{s) = ^2 a ne~ XriS , ( s = x + it ), (1) 

71=0 



where a n € C and 0 < Ao < Ai < • • • < X n < ■ ■ ■ | +oo, which satisfy the following conditions 

(2) 



-p — ln K n -p — n 

iim — = 0; hm — = D < +oo. 

n —> oo \ n n — »oo \ n 



Then the abscissas of convergent and the abscissas of absolute convergent of series (1) are both 
zero. Thus f(s ) defined by (1) is an analytic function in the right-half plane. 

Set 

M(x , /) = sup{|/(x + it ) |; —oo <t< +oo}. 

Then the order of Dirichlet series (1) is defined as 

-ln + ln + M(x, /) 



lim 

x— »0+ 



In - 



= P- 



OO 

Suppose also that {(fij, Aj, Pj)} is a infinite sequence of probability space, {(fi = f lj, A = 




86 



Shile Luo 



No. 3 



oo 



oo 



ii a j p =n P :j ) } is the product probability space. In this paper, we shall prove the following 



j=o j = o 

theorem: 



Theorem. Suppose that random Dirichlet series 



OO 



U(s) = ^2 a n X n (uj n )e XnS 



( 3 ) 



n—0 



satisfies the condition (2) and the following conditions: 



1) 



lim (A ra+ i - A„) = h > 0; 



( 4 ) 




( 5 ) 



3) In the probability space (f2, A ,P) (to £ fl),{.Y n = X n (u})} is a sequence of non-degenerate, 
independent complex random variables of the same distribution and verifying 



Then the series (3) almost surely(a.s.) do not have deficient function. 

§2. Some lemmas 

In order to derive our main result, we need the following lemmas. 
Lemma l.([2]) Under the above hypotheses on {X n (cu)}, we have 

1) 3u, d £ (0, 1) such that Vc € C, j £ N, we have 



2) Vw £ (a. s.), 3N = N(u>) such that when n > N, we have|X n (cj)| < n; 

3) For all subsequence {n p } —>■ oo, 



0 < E(\X n (uj)\ 2 ) =a 2 < +oo. 



p j(\ x j{vj) - c\ < 2u) < d < 1; 




Lemma 2. Suppose that series (1.1) satisfies (1.2), then 




n->oo In A n -ln + ln + \a n \ 



ln + ln + \a n \ 



p. (0 < p < + 00 ) 



Proof. By Theorem 3.3.1 of [1], we have 



— ln + ln + M (x, f) 

lim = 

2 :^ 0 + In - 

X 
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On the other hand, 



-ln + ln + 



lim i \ 

n— >oo In A n 



ln + In’* 



<t=> lim 

1 + p n ^°°ln \ n — In’ 1 ’ In' 1 " \a n 



= p (0 < p < -|-oc) . 



Therefore 



lim 

x— > 0 + 



ln + ln + M(x,f) 



Ini 



= p hh lim 



ln + ln + 



°° In A„ — ln + ln + 



= P , 



and the proof is complete. 

Lemma 3. ( [1] ) Suppose B is a horizontal half strip in {s; Res > 0} with width large than 

27T 

— . For the Dirichlet series given by (1), which satisfies the conditions (2) and (4), we have 

— ln + ln + M (x, /, B) 

lim 7 — ^ = p , 



X — ► ()+ 



Ini 



where M(x, /, B) = sup{|/(a: + it) \ : s = x + it £ B}. 
Set 

z = H{s)= S_1 



= H~\z) = 



s + r 
z+l 
l-z' 



(6) 

( 7 ) 



It is well known that the linear fractional transformation (6) maps the right-half plane 
Res > 0 onto the open unit disk {z : \z\ < 1}, and maps the point s = 1 onto the origin 2 = 0. 
Its inverse transformation (7) maps {z : | 2 | < 1} onto the right-half plane Res > 0. 

Let 

OO 

ff(~) = /(-ff _1 (^)) = 1(z) - 

n— 0 

Then g(z) is an analytic function in {z : |,s| < 1}. 

°° -1 

Lemma 4. For g(z) = = X] a n e~ XriH we have 

n = 0 

— ln + ln + M (r, g) 

Inn ; , = p , 



In I-*— 

1 —r 

where p £ (0,+oo) is the order of /(s) defined by (1). 

Proof. Let 

B = {s = x + it : x > 0, \t\ < q, q > j}. 

Without loss of generality, we suppose that x satisfies 0 < x < 1. Fix x £ (0,1), since 

1 — x H - y 

v <1, and 0 < 1 > 1 (y +oo), then there is c > 0, such that 



i/(l + x) 2 + q 2 



1 + x + y 

1 — x) 2 + q 2 1 — x + c 



< 



y^l + x) 2 + q 2 1 + x + c 



< 1. 



Let r = - — Then 



1 + x + c 



(l + c)(l-r) 
1 + r 



and x — > 0 + r — > 1 



Shile Luo 



No. 3 



Set 

D(r) = {z : |^| < r}; B(x) = {s : Res > x, |t| < q}. 
For any s £ B(x) — B( 1), we have 

|s — 1 1 y/(l — Res) 2 + t 2 s/{\ — x) 2 + q 2 



z = 



l s +l| ^/(l + Res) 2 + t 2 y/(l + x) 2 + q 2 
Thus 2 ; = H(s) maps B(x) — B( 1) into a subset of D(r). Therefore 

B(x)-B{ 1) cH~\D(r)). 

For 2 £ D{r) , i. e. \z\ < r, 



< r. 



H~\z) = 



1 + z (1 + 2)(1 — 2 ) 1 — 2 ilmz — 



1-z 



|1- 



1 - 2Rez + \z\ 2 



Then 



ReH~\z) = 



l-|*l : 



1 — \z\ 1 — r 

> !4 > 



l — 2Rez+\z\ 2 1+|-| 1 + r 1 + c 



Denote A(x) = {s : Res > x}. Then H 1 (D(r)) C A{ ^ ), and 

B(x) - B{ 1) c H~\D{r )) C 

1 + c 



So 



M(x,f,B) < M (r , g) < M(— — (0 < x < 1) 

1 + c 



Thus 



lim 



-In In M (x, /, B) 



< lim 



In In M (r, g ) 



< lim 



lnln M(^- c J) 



0 + — In x rAi- — l n ( 1 +c)(!-r) x _>o+ — In ^ ln(l + c) ' 

1+r 1 ' c 



Combining Lemma 3, we have 



ln InMfr, g ) 

Inn — : i = p, 



t — >i~ ln 

1 — r 



and the proof is complete. 

Lemma 5. ([5]) If g(z ) is an analytic function in {z : \z\ < 1}, then 



lnln M(r,g) 



lim . 

r— >1- ln 

1— r 



> lim 



In T(r, g) 



♦l- ln 



>ltoT 1 °l° M .( f ' g) -1. 



1 — r 



r— ► 1 _ 



In , 1 



1— r 



According to Lemma 4 and Lemma 5, we have 



„ , In T(r,g) 

p — 1 < p = lim j — < p. 



* l - ln A— 

1 — r 



Lemma 6. For the Dirichlet series f\ (.s) = 
which satisfy the conditions (2), we have 



a e _A " s 

U/ n C. 5 



/2O 3 ) = Y Ati5 ’ ( s 



n— 0 



n— 0 



(8) 



= x + it), 



fi(s) = f 2 (s) +> a n = b n 



(n = 0,1,2,-- ■) 
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where {a n }, {b n } C C. 

Proof. We only need to prove the necessity. Let 

OO OO 

F(s) = fi(s) - f 2 {s) = ^(a„ - b n )e~ XnS = Y c n e~ XnS . (9) 

n = 0 n—0 

By (2), for e > 0, when n is sufficiently large, 

I an | < e A - e , \b n \ < e Xri£ . 

Then \c n \ < |a n | + \b n \ < 2e XnS . When c n ^ 0, 

— lnlcril — n „ 

lim — - — - < 0, lim — = D < +oo. 

n— TOO \ n n—>oo\ n 

By means of Valiron Formula, the abscissa of convergence and the abscissa of absolute 
convergence are equal to or smaller than zero, and the abscissa of uniformly convergence x u < 
0 < +oo. 

If the coefficients of the series (9) are not all zero, then F(s) converges absolutely on x > 0. 
The maximum item of F(s) verifies m(x) >0, (x > 0 > x u ). By [1], M(x) > m(x) > 0, which 
contradicts F(s) = 0, and the proof is complete. 



§3. Proof of the theorem 



By Lemma 1 and Lemma 2, we have that for any u> = (u>o,uii,u) 2 ,- ■•) £ f l(a.s.), fu(s) 
defined by (3) is an analytic function of order p £ (l,+oo) in the half-plane. 

Set 



T(p) = {i/j = Y^n 



— X n s 



n \/3 n 



n—0 



: lim 

n — too A 



ln + ln + |/3„ 



= 0, lim = D < Too, lim " ~" + ' r '+' . < p}, 

n—>oo A n n—>oo In \ n — 111 llT | fj n \ 



OO 

gM) = = Y a n X n {u n )e~ x - H ~^ z \ (10) 

n—0 

<p(z) = tp(H~ 1 (z)) and $(p') = {ip = ip £ ’F(p)}. Then Vw = (w 0 , u>i, uj 2 , ■ • • ) £ fl 

(a. s.), gu(z) is an analytic function in unit disc of order p' £ (0, oo). d >(p') is the set of all 
analytic functions in unit disc with the order smaller than p' and complex numbers. 

We now prove that: If the function (10) satisfying the conditions (2), (4) and (5), then 
almost surely g u (z) do not have deficient function, i. e. 

P jw : inf ^lim ^ e < 1 j = 0. 

Choose S £ (0, p/3) and A > 0. Let 

ln + ln + \p n \ 

’ In A n - ln + ln + \(3 n \ 



®(p\ A) = {t = ip(H x (^)) : ip £ T(p - 35) 



< p — 26, n > A} (11) 
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Choose positive integer p. Let E = E(p , A, <5) denote a set of co in probability space in 

which guj(z) has deficient function tp £ <1>(//,A) with deficient number larger than Notice 

P 

that 



OO OO 



U U IJ E (P’ A ’ S ) c n 

<5>0 A=lp=l 

is a set in which guj(z) has deficient function. Obviously, we only need to prove that Ve > 0, 
P(E(p,A,S))<e. 

Since 

— — ln + ln + |ua„| 

lim x — = p, 

n *°° In X n — ln + ln + |ua n | 

we can choose an increasing sequence of positive integer {n(t)} ( ^l 1 such that n(l) > A and 

ln + ln + I ua r . 



* n ( t) i 



In Xn,, — ln + ln + 



> p — £. 



(12) 



Ht) 



*(t) i 



In xfj 

Choose N > p . Then (p+ 1 )d N < e, where u,d are Constance in Lemma 1. 
In a 

Denote 

n(N) oo 

n %• 

j — 0 j—n(N)+l 

For co* = (<^n(N)+i^ u} n(N)+ 2 > ' ' ' ) e denote T = r(w*) as a set verifying: if 

= ( w 0; ' ' > U 'n(N)) £ 



oo n(N) 

then function ^ a n X n { co^)e~ XnH ^ a n X n (co' n )e~ XriH ^ have deficient function 

n=n(N )-\- 1 ra=0 

, A) with deficient number larger than 

V 

We shall prove for p + 2 elements, 



uj{k) = (u> 0 (k),u i(fc), ' ' ’ ,^ n (jv)(fc)) G T, fc = 1,2, -- • ,p + 2 

there is k±, k 2 G {1, 2, • • • ,p + 2}, (ki ^ k 2 ) such that for all j £ (n(l), n(2), ■ ■ ■ , n(N)}, we 
have 

\ x j{uj(ki)) - X j (Lo j {k 2 ))\ < 2 u. 

Otherwise, there is p + 2 functions 

oo n(N) 

g k (z) = J2 <h^K)e _A ” rl(z) + a n X n (co n (k))e- x - H ~^ z \ (fe = 1, 2, • • • , p + 2). 

n=n(7V) + l n=0 

They have deficient function 

OO 

<pf = ^/3„(fc)e- A " ff " 1(z) €$(//, A), (fc = 1,2, ■■■ ,p + 2). 

n=0 



Vol. 3 



Deficient functions of random Dirichlet series of finite order in the half plane 



91 



Thus function g = ^ a n X n (uj*)e XnH ^ have at least p + 2 deficient function: 

n=n(N )-\- 1 

n(N ) 

ip k = ipf - ^ dnX n (u n (k))e~ XriH 1(z) , (k = 1,2, • • • ,p+ 2). 

n—0 

And for all k, l £ {1, 2, • • • ,p + 2}, (k ^ l ), there is j = j(k, l) £ {n(l), n(2), • • • , n(N)} such 
that 

| X,(w,-(fc)) - Xj(uj(l )) | > 2 it. 

Then | A,-(i+,(fc))a, — Xj(u>j(l))dj\ > 2it|a,-|. By (12), we have 

u\a,j\ > exp{AJ +1_e }. 

p — 25 p — 25 

\m)\ < exp{A /*=”}, |/3, (0| < expjAf 1 ^}. 

p — 25 

\m)-m\ < \m)\ + \m\ < 2 exp {A f 1 ^}. 

Choose e : 0 < e < 25. Therefore 

p — 25 

I Pj(k) - 0j(l ) | < 2exp{Aj ,+1 - 2 ' 5 } < 2u|a,| < -V, (+,(/,■))«, - AT,(w,(Z))a,|. 

By Lemma 6, <pi- ^ <pi, i. e., the p + 2 small functions above are different. But by 
Zhuang Qitai Theorem in [3], g has at most p+1 different small function. Thus we arrive at a 
contradiction. 

n(N ) 

Let P = Pj. When P(T) = 0, T C = 0. Or there are p + 1 elements 
3=1 

U{k) = (u 0 (k),uj i(A), - - • ,w„(jv)(fe)) G T, k = 1,2,--- ,p+ 1, 
such that for any other elements (if there is), ZD = (+>o, wi, ■ • • ,u> n (N)) G T, we have 

p+i 

oJG (J{^: \X j (u; j (k)) - Xj(u)j)\ < 2u, j = n(l), n(2), • • • ,n(iV)}. 

fc=i 

By its independence and Lemma 1, 

p+1 n(N) 

P{ r) < E] Pt{wt G : <+ = (<+o, Wi, ■ • • , u;„(jv)) G T} 
fc=l t=o 
p+1 IV 

< eii*. (t) G : | A n (£) (ut n (i) (&)) X n (^ (ut n p)) | < 2zt} 

fc=i t=i 

< (p + l)d* < £• 

In other words, if o> = (+>o, <+o, • • • ) = ( ZD , ZD) £ E = E(p , A, 5) C f2, then 



By (11), 
Then 



(13) 
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By Fubini-Levi Theorem, see [4], combining (13) and (14) , we have 
P{E) = E(1 e )= lim [ ■ ■ ■ [ l E P 0 (duj 0 )P 1 (duj 1 ) ■ ■ ■ P m (du> m ) 

= j ' j P n(N)+l(duJ n ^ N ) +1 ) " ' Pm{du m ) J ■■■ J l E P 0 (dtV 0 ) ■ ■ ■ P n (N){duJ n (N)) 

< jm/.../ Pn(N)+l(du n{N)+1 ) ■ ■ ■ P m (duj m ) j ■■■ j l r Po{duJo) ■ ■ ■ Pn(N){dUn(N)) 

< (p + 1 )d N Jin^ J ' J P n{N)+i(du n ( N )+ 1) • • • P m (duj m ) 



< £. 



Thus by f M (s) = f u {H 1 (-j)), we can obtain the conclusion of Theorem, and the proof is 
completed. 
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Abstract For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is 
defined as the smallest integer m such that to” is divisible by n. That is, Zw(n) = min{m : 
n|m”, m £ N }, where N denotes the set of all positive integers. The main purpose of 
this paper is using the elementary methods to study a limit problem related to the Pseudo- 
Smarandache-Squarefree function Zw(n), and give an interesting limit theorem. 
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§1. Introduction and Results 

For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is defined 
as the smallest integer to such that to" is divisible by n. That is, Zw(n) = min{TO : n\m n , in £ 
N }, where N denotes the set of all positive integers. For example, the first few values of 
Zw(n) are Zw( 1) = 1, Zw( 2) = 2, Zw( 3) = 3, Zw{ 4) = 2, Zw( 5) = 5, Zw( 6) = 6, Zw( 7) = 7, 
Zw( 8) = 2, Zw( 9) = 3, Zw( 10) = 10, Zw( 11) = 11, Zw (12) = 6, Zw(lS) = 13, Zw (14) = 14, 
Zw( 15) = 15, • • • . Obviously, the Pseudo-Smarandache-Squarefree function Zw(n ) has the 
following properties: 

(1) If p be a prime, then Zw(p) = p. 

(2) If m be a square-free number (m^l, and for any prime p, if p\m, then p 2 f to), then 
Zw(m) = to. 

(3) If p be any prime and k > 1, then we have Zw(p k ) = p. 

(4) Zw(n) < n. 

(5) The function Zw(n) is multiplicative. That is, if (to, n) = 1, then Zw(mn) = 
Zw(m) Zw(n). 

(6) The function Zw(n) is not additive. That is, for some positive integers to and n, 
Zw(m + n) ^ Zw(m) + Zw(n). 

According to the above properties, the Zw(n) function is very similar to the Mobius func- 
tion: 

! n if n is a square free number; 

1 if and only if n = 1; 

Product of distinct prime factors of n if n is not a square- free number. 
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On the other hand, we can easily deduce that — — — — is divergent . In fact for any prime 

! Zw(n) 

n= 1 

°° 1 1 

p, we have Zw(p) = p. So that > — — — — > lim > = +oo. 

' Zw(n) x — kx) p 

n— 1 v 7 p<z 

About the other elementary properties of Zw(n ), some authors also had studied it, and 
obtained some interesting results, see references [1], [2], [5], [7] and [8]. Simultaneously, F. 
Russo [1] proposed some new problems, two of them as follows: 

Problem 1: Evaluate limit 

Zyj(k) ^ 

Problem 2: Evaluate lim — , where 0(k) = 'y In (ZwinX) . 
k — >oo Oik) 

v ' n<k 

The problem 1 had been solved by Maohua Le [2]. But for the problem 2, it seems that none 
had studied it yet, at least we have not seen such a paper before. The problem is interesting, 
because it can help us to obtain some deeply properties of the Pseudo-Smarandache-Squarefree 
function Zw(n). The main purpose of this paper is using the elementary methods to study 
this problem, and give an interesting limit theorem for it. That is, we shall prove the following 
conclusion: 

Theorem. For any positive integer k > 1, let Zw(n) and 0(k) are defined as the above, 
then we have the asymptotic formula 

Zw{k) Zw{k) / 1 \ 

d ( k ) JNn (Zw(n)) V ln k J ' 

n<.k 



n 



Zw(n) 



From this theorem we may immediately deduce the following: 
Corollary. For any positive integer k, we have the limit 



lim 

k — KX5 



Zw(k) 



= o. 



It is clear that our corollary solved the problem 2. 



§2. Proof of the theorem 

To complete the proof of the theorem, we need the following an important Lemma. 
Lemma. For any real number x > 1, we have the asymptotic formula 

Z H n )l = + 0 W*) j 

n<x 

where /r(n) denotes the Mobius function. 

Proof. For any real number x > 1 and positive integer n, from the properties of the 
Mobius function n(n) ( See reference [3] ): 

ImMI = 

d 2 \n 
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and note that 



we have 






n<x 



^ /-t(n) 1 6 

n 2 C(2) 7 t 2 

n—1 ° v 7 



Y Y v( d ) 

n<x d 2 \n 

Y ^ 

md 2 <.x 

Y Y 1 

d<y/x -fz 

E mM(J + 0(i)) 

d<y/x 

r ( y^ _ y^ A*(^) 

X 1 d 2 d 2 

\d=l - 



d>y/x 



o ( X! IMOI 



= X 



(^ +0 (^)) +0(v/;r) 



= ^2 X +°(^ X )- 

This proves our Lemma. 

Now, we shall use this Lemma to complete the proof our theorem. In fact note that for 
any square-free number n , Zw(n) = n, we have 



9{k) = In ( Zw{n )) 

n<k 

> Y^^\ lnn 



> 



n<k 

Y IM«)I ln (\/fc) 

vfc<n<fc 

| In k Y IM«)I 



y/k<.n<.k 



-Ink ( ^ |/i(n)| - ^ \p{n)\ ) . 

n<\/fe 



(i) 



i,<k 



So from Lemma and (1) we have 



9{k) > -lnfc y^|/t(n)|- Y \k-( r 



i n<k 



i<Vk 



> Lnfc (^k + 0(Vk)^j 
= Lfc • lnfc + 0(Vk ■ In A;). 



(2) 
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Note that Zw(n) < n, from (2) we may immediately deduce that 




k ■ In k + 0(\/k ■ In k ) 



k 




Zw(k ) 

m 




This completes the proof of Theorem. 

The corollary follows from our theorem as 



oo. 
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Abstract For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the 

„ ... , , , . k(k + l) ^ . . f, ,fc(fc + l)) 

smallest positive integer k such that n \ — -. that is, Z(n) = min < k : n >. 

The main purpose of this paper is using the elementary methods to study the mean value 

properties of ^ , and give a sharper asymptotic formula for it, where p(n) denotes the 

smallest prime divisor of n. 
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§1. Introduction and Results 

For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the smallest 

h(h -\- 1) f k(k -\- 1) 1 

positive integer k such that n | — — . That is, Z(n) = min < k : n| — , n € N >, where 

N denotes the set of all positive integers. For example, the first few values of Z(ri) are Z( 1) = 1, 
Z( 2) = 3, Z{ 3) = 2, Z( 4) = 7, Z{ 5) = 4, Z( 6) = 3, Z(7) = 6, Z( 8) = 15, Z( 9) = 8, Z( 10) = 4, 
Z( 11) = 10, Z( 12) = 8, Z(13) = 12, Z( 14) = 7, Z( 15) = 5, •••. About the elementary 
properties of Z(n), some authors had studied it, and obtained many valuable results. For 
example, Richard Pinch [3] proved that for any given L > 0, there are infinitely many values 
of n such that 

Z{n+ 1) 

Z(n) 

Simultaneously, Maohua Le [4] proved that if n is an even perfect number, then n satisfies 

S{n) = Z(n). 

The main purpose of this paper is using the elementary methods to study the mean value 

p(ri) 

properties of — — — , and give a sharper asymptotic formula for it. That is, we shall prove the 
Z{n) 

following conclusion: 

Theorem. Let k be any fixed positive integer. Then for any real number x > 1, we have 
the asymptotic formula 



Z (n) In x 
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where p(n) denotes the smallest prime divisor of n, and di {i = 2, 3, • ■ • , k) are computable 
constants. 

§2. Proof of the theorem 

In order to complete the proof of the theorem, we need the following several useful lemmas. 
Lemma 1. For any prime p > 3, we have identity Z(p) = p — 1. 

Proof. See reference [5]. 

Lemma 2. For any prime p > 3 and any k g N, we have Z (p fe ) = p k — 1. 

Proof. See reference [5]. 

Lemma 3. For any positive n, Z(n) > y 7 n . 

Proof. See reference [3]. 

Now, we shall use these lemmas to complete the proof of our theorem. We separate all 
integer n in the interval [l,a;] into four subsets A , B , C and D as follows: 

A: f l(n) = 0, this time n = 1; 

B : f l(n) = 1, then n = p, a prime; 

C: tt(n) = 2, then n = p 2 or n = P 1 P 2 , where pi ( i = 1, 2) are two different primes with 

Pi <P2 ; 

D : fl(n) > 3. This time, p(n) < nA , where Q(ri) = fl (p^p^ 2 ■ ■ -Ps s ) = a i + a 2 H 1- a s . 

In fact in this case, we have p 3 (n ) < p n ( n \n) < n and thus p(n) < nL 

Let p(n) denotes the smallest prime divisor of n, then we have p(l) = 0, Z( 1) = 1 and 



p > 2. Therefore, by the Abel’s summation formula (See Theorem 4.2 of [8]) and the Prime 
Theorem (See Theorem 3.2 of [9]): 




So we have 




(1) 



From Lemma 1 we know that if n £ B, then we have Z(2) = 3 and Z(p) = p — 1 with 




where k be any fixed positive integer, a.j (i= 1, 2, . . . , k ) are computable constants and a± = 1. 
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We have 



E 

nG-B 



P(n) 
Z(n ) 



\ ^ V _ 2 \ ^ p 

2 -z( P )~3 + Z- t z( P ) 



p<x 



p<x 
p> 3 



= E 



p<a? 



p - 1 



0 ( 1 ) 



= E 1 + E^vt+°( 1 ) 



k 



X v 

— ; h / 

in# z — ' 



CLiX t l X 



In* x 



i fc+i 
In i 



(2) 



where a,i (i = 2, 3, • • ■ , /c) are computable constants. 

Now we estimate the error terms in set D. From the definition of f l(n) we know that 
p(n) < n3 if n £ D. From Lemma 3 we know that Z(n) > y/n, so we have the estimate 



E p(n) \ n 3 5 

nGB v ' n<x v 



( 3 ) 



Finally, we estimate the error terms in set C. For any integer n £ C, we have n = p 2 or 
n = PiP 2 - If n = p 2 , then from Lemma 2 we have 

P 2 ^ p 



Y = tttty + E 9^ , <C lnlnx. 

Z (P ) Z 4 f-' p 2 - 1 

p z <x p z <x 

If n = P 1 P 2 , let Z (P 1 P 2 ) = k, then from the definition of Z(n) we have P 1 P 2 
If P1P2 | k, then 

P(PlP2) 



( 4 ) 



k{k + 1) 
2 ‘ 



« v y .el. 

Z (pip 2 ) ^ Vl p 2 

PlP2<X Pl<y/x Pl<P2<f^ 

Z(piP 2 )—k, P 1 P 2 | k 



E 



•C \fx ■ lnln x. 



( 5 ) 



If P1P2 | A; + 1, then we also have the same estimate as in (5). 

If pi | k + 1 and P 2 \ k, let k = tp\ — 1, where t £ N, then we have 

V V yir^ + s/i . lnlnx « VS- lnlnx. 

If Pi | k and P 2 \ k + 1, then we can also obtain the same estimate as in (6). 
From (4), (5) and (6) we have the estimate 



( 6 ) 



y'^y«Vx-\n\ux. 



nGC 



Z(n) 



Combining (1), (2), (3) and (7) we may immediately deduce the asymptotic formula 
\ - p(n) = y^ p(n) p(n ) y- p(n) y^ p(n ) 

h z &> hk z v> h z{ ^ h z ^ 



x 

lux 



E 



In* x + ° W k+1 x 



( 7 ) 
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where at {i = 2, 3, • • • , k) are computable constants. 
This completes the proof of Theorem. 



Some notes: 



For any real number x > 1, whether there exist an asymptotic formula for the mean values 



E 

n<.x 



p ( n ) 

Z(n) 



and 



E 

n<x 



Z(n) 

P{n) 



are two open problems, where P(n) denotes the largest prime divisor of n. 
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Abstract The problem of solving BBM equation can be converted into a nonlinear algebra 
equations by supposing its exact solution form. In this paper, applying above method, a class 
of exact solution to BBM equation is obtained. 
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§1. Introduction 

BBM equation 

u t +u x + uu x + Pu xx = 0 (1) 

is a mathematical model presented in studying the long wavelength problem of Hydrodynamic 
in 1970’s by Benjamin-Bona-Mahong, Where P(P < 0) is dispersion coefficient, and it is more 
exact than KdV equations [1], Recently, a lot of exact solutions of equation (1) are obtained 
by homogeneous balance method [2], trigonometric function method [3] and so on, where some 
solutions are the form of polynomial with the function of tangent, cotangent, tanh, coth etc. 
For the exact solitary wave solution of many non-linear mathematical equations of physics with 
rational fraction form of hyperbolic function, so we want to get the exact solution of equations 
(1) in this way. 



§2. Introduction of Method 



Let 



u(x, t) = u(£) = u(x + Ct) (2) 

be a traveling wave solution of the equation 

F{u, tq, Hxi ’U'xxi * ) — 0? (3) 

where C is undetermined coefficient of wave velocity. Substitute (3) into (2), we obtain the 
following ordinary differential equation with independent variable £ 

G(u, u ,u ,■••) = 0. 



1 This research is supported by the SF of education department of Gansu province (0608-04). 
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Let 

+ a2m-l(e° s ) 2m 1 + • • • + do . . 

“ fe 2m (e a «) 2m + 6 2m -i(e a «) 2m - 1 + • • • + b 0 

be the solution of equation(4), where m is obtained by homogeneous balance method and 
CLi,bi(i = 0,1,--- ,2m) is undetermined coefficients. Substitute (5) into (4) and set the co- 
efficient of e a ^ is zero for any power, then we can obtain a nonlinear algebra equations with 
undetermined coefficients a,;, bi(i = 0, 1, • ■ • , 2m), a, C. The equations can be solved by Mathe- 
matica or Maple software. And then the exact solution of equation (2) can be obtained through 
back substituting the solution of the equations into (5) and setting £ = x + Ct. 



§3. The exact solution of the BBM equation 



Assume equation (1) has a traveling wave solution of the form (3). Substitute (3) into (2), 
we get 

(l + C>(£) + ^ 2 (£) + Pu''(/) = 0. (6) 

If the solution of equation (6) has the form of (5), then we can obtain m = 1 by the method of 
homogeneous balance. So let 



— a ( e ° 5 ) 2 + b(e a? ) + c 

/(e a £) 2 + g(e a ?) + h 1 



(7) 



where a,b,c,g,h,a are undetermined coefficients. Substitute (7) into (6) and set the coeffi- 
cient of e a t is zero for any power, we obtain the following nonlinear algebra equations with 
undetermined coefficients a, b , c, g , h, a , P, C. 



3 ch 2 + 2 Cch 2 = 0, 

2 Caf 2 + 3a f = 0, 

3 bh 2 + 2 Cbh 2 — 2PCa 2 chg + 2 PCct 2 bh 2 + Qcph + ACcgh = 0, 

6 cfh — 2 PCacg 2 + 6 bgh + 8PCa 2 ah 2 + ACbgh — 8PCa 2 cfh 
+ACcfh + 3 ah 2 + 2Ccg 2 = 0, 

6 cfg + ACbgh + 6 bgh + 6PCa 2 agh + ACagh + 6 agh — 12PCca 2 bfh 
+4Ccfg + 3 bg 2 + 6 PCa 2 cfg + 2 Cbg 2 = 0, 

4 Cafh — 8PCa 2 afh + 2PCa 2 ag 2 + 6 bfg + 2 Ccf 2 + 3 ag 2 + 2 Cag 2 
+6 agh + 4:Cbfg — 2PCa 2 bfg + 3c/ 2 + 8 PCa 2 cf 2 = 0, 

4 Cafg + 6 afg + 2Pca 2 bf 2 + 3b f 2 + 2 Cbf 2 - 2 PCa 2 = 0. (8) 



By mathematical software of Maple we obtain the following nine kinds solutions of equa- 
tions (8). 



Case 1: a = b = g = h = 0 1 C = C,f = f,c = c,a = a, P= — 
Case 2: a = c = g = h = 0, a = a, C = C,b = b,f = f,P = — 



3 + 2 C 

8 Ca 2 ' 
3 + 2 C 



2Ca 2 ' 
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Case 3: a = h = 0,a = a,C = C, f = f,g = g,b = —,P = ■ 

g 2Gar 

Case 4: c=h = 0,a = a,f=f,g = g,P = P,b=b,a = — , C = — 

9 2 

Case 5: b= f = h = 0,f = f,g = g,a = a, C = c, a = ^,P = ■ 

3 + 2 C 

Case 6: b = c= f = g = 0,h = h,a = a, C = C,a = a, P = — ^ 2 . 

Case 7: c = / = 0, b = b,g = g, h = h, C = C : a = a.P = — , a = 

2G or h 

3 

Case 8: P = 0, a = a, b = b, c=c, / = /, g = g,h = h, a = a, C = — - . 

3 cf eg 

Case 9: P = P,c = c,f = f,g = g,h = h,a = a, C=--,a=— ,b= — . 

2 h h 

Substituting those solutions into (7) and setting £ = x + Ct, we can get the exact solution 
of equation (1). 



References 

[1] Benjamin. T. B., Bona. J. L., Mahony. J. J., Model Equations for Long Waves in 
Nonlinear Dispersive System, Philos Trans Roy Soc London Ser A, 272(1972), 47-78. 

[2] Wang Mingliang, Exact solutions for a compound KdV-Burgers equation, Physics Let- 
ters A, 213(1996), 279-287. 

[3] Yan. C. T. A., Simple Transformation for Nonlinear Waves, Physics Letters A, 1996, 
77-84. 



Scientia Magna 
Vol. 3 (2007), No. 3, 104-107 

An equation involving the two Smarandache 
LCM dual functions 

Chengliang Tian 

Department of Mathematics, Northwest University 
Xi’an, Shaanxi, P.R. China 

Abstract For any positive integer n, let n = p^p^ 2 • ■ -p“ s be the factorization of n into 
prime power, the famous F. Smarandache LCM function SL(ri) is defined as SL(n) = min{fc : 
k £ N, n | [1, 2, • ■ • , k]} = ma x{p'^ 1 ,p^ 2 , ■ ■ ■ ,p“ s }, where N denotes the set of all positive 
integers. The main purpose of this paper is using the elementary method to study the solu- 
tions of an equation involving the two Smarandache LCM dual functions, and give the exact 
expression of the solutions for this equation. 
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§1. Introduction and result 

For any positive integer n, the famous F. Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, - - • , k], where [1, 2, ••• , fc] denotes the 
least common multiple of all positive integers from 1 to k. That is, 

SL(n ) = min{fc : k G N, n | [1, 2, • • • , £:]}. 

The first few value of Smarandache LCM function SL(n) are SL( 1) = 1, SL(2) = 2, SL( 3) = 3, 
SL( 4) = 4, SL{ 5) = 5, SL{6) = 3, SL( 7) = 7, SL( 8) = 8, SL( 9) = 9, SL (10) = 5, 5L(11) = 11, 
SL( 12) = 4, SL( 13) = 13, SL( 14) = 7, 51,(15) = 5, SL(16) = 16, SL(17) = 17, 5L(18) = 9, 
SL( 20) = 5, • • • . About the elementary properties of SL(n), many people had studied it, and 
obtained some interesting results, see references [1], [2], [3], [4] and [5]. For example, Murthy [2] 
proved that if n is a prime, then SL(n) = S(n), where S(n) = min {to : n\m\, m € N} denotes 
the F. Smarandache function. In fact for any positive integer n > 1, let n = ' ' ’P“ s be 

the factorization of n into prime power, then from [2] we know that 

SL(n) = max{p“\p“ 2 ,-- - ,p“"}. 

Simultaneously, Murthy [2] also proposed the following problem: 

SL(n) = S(n), S(n) ^ n ? (1) 

Le Maohua [3] solved this problem completely, and proved the following conclusion: 

Every positive integer n satisfying (1) can be expressed as 



1 O Q!l Oi o Oir 

n = 12 or n = p 1 p 2 mm -p r p, 
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where pi, P 2 , • • ■ , p r , P are distinct primes and aq, 02 , • • • , a r are positive integers satisfying 
P>Pi % * = 1 , 2 , ■■■, r. 

In [6], we define the Smarandache LCM dual function SL*(n) as follows: 

SL*(n) = max{/c : k £ N, [1, 2, • ■ ■ , k] \ n}. 

It is easy to calculate that SL*( 1) = 1, SL*( 2) = 2, SL*( 3) = 1, ST* (4) = 2, SL*(5) = 1, 
SL*( 6) = 3, SL*( 7) = 1, ST* (8) = 2, ST* (9) = 1, ST* (10) = 2, • • • . Obviously, if n is an odd 
number, then ST*(n ) = 1. If n is an even number, then SL*(n ) > 2. We also study the mean 
value distribution property of ST*(n) and give a sharper asymptotic formula for it, namely for 
any real number x > 1, 

SL*(n ) = c • x + 0(ln 2 x ), 

n<rc 

(jp a — 1) (n — 1) . 

where c = > > 7 . is a constant. 

“I p t 1 , 2, , P“] 

In [7], Yanrong Xue defined another Smarandache LCM dual function SL(n) as follows: 
ST( 1) = 1, and if n = p^p^ 2 ■ • be the factorization of n into prime power, then 

SL(n) = minjp" 1 , •" , 

where pi < P 2 < • • • < p r are primes. She solved a conjecture involving function SL{n) which 
is to say that there is no any positive integer n > 1 such that is an positive integer. 

d\n 

Both SL*{n) and SL(n) are called the Smarandache LCM dual function of SL[n). But 
about the relationship between this two dual functions, it seems that none had studied it yet, 
at least we have not seen such a paper before. Obviously if n ^ 1 is an odd number, then 
SL*(n) = 1 and SL(n) > 1, so for any odd number n/1, SL*(n ) < SL{n). But if n = 6 m 
with 2 f to, 3 f to, then SL*(n ) > 3, SL(n) = 2, so there exists infinite positive integers n such 
that SL*(n) > SL{n). It is natural to ask whether there exist positive integer n satisfying the 
equation: 

SL*(n) = SL(n). (2) 

In this paper, we use the elementary method to study this problem, and give an exact 
expression of the solutions for the equation (2). That is, we shall prove the following 
Theorem. Every positive integer n satisfying (2) can be expressed as 

n = l or n=(F m -l) ]J P a(p) pTpT • • -P? r , 

2 <p<F m 

where F m be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that 
po(p) > F m , 2 < p < F m ; pi > F m , cti> 0, i = 1, 2, • • • , r. 

§2. Some useful lemmas 

To complete the proof of the theorem, we need the following several lemmas. 
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Lemma 1 . For any positive integer n, there exist a prime p and a positive integer a such 
that the identity 

SL*{n)=p a - 1. 

Proof. See reference [3]. 

Lemma 2. If 2 l + 1 is prime, then l is a power of 2. 

Proof. See reference [5]. 

Lemma 3. For any prime q and odd prime p, if p a — 1 = q 13 for any given integers 
a > 1, (3 >1, then q = 2 and p be a Fermat prime. Namely, there exists a integer m such that 

p = 2 2 ™ 1 + 1. 

Proof. Because p is an odd prime, so q 13 = p a — 1 is an even number, hence q = 2. 
Consequently p a — 1 = 2^, that is p a = 2^ + 1. Assume that p — 1 = 2 l t, where 2 ft, then 
p = 2 l t + 1, so 

p a = (2 l t + l) a =C° + C*2 l t + • • • + C“(2 i t)“ = 2^ + 1, 

hence 

C 1 a 2 l t. + --- + C«{2 l t) a = 2 0 . 

Since t divide every term of the left side, so t divide the term of the right, namely t | 2^, but 
t is an odd number, hence t = 1. That is to say p = 2 l + 1, from Lemma 2, there exists an 
integer rn such that p = 2 2 +1. This completes the proof of Lemma 3. 

§3. Proof of the theorem 

In this section, we shall complete the proof of the theorem. It is easy versify n = 1 is a 
solution of the equation (2). 

(A) . If n be an odd number larger than 1. 

From the definition of SL*[n ) and SL{n) we have SL*[n) = 1, but SL{n) > 1. Hence 
SL*(n) < ~SL(n). 

(B) . If n be an even number. 

Assume that n = 2 7 ■ s, where s is an odd number. From Lemma 1, there exists a prime p 
and a positive integer a such that SL*(n ) = p a — 1. Assume that SL(n ) = r/b 

(i) Ifp = 2, then SL*{n) = 2 a — 1. This time, we have 2 a — l = q@, then from the definition 
of SL*{n) we deduce that 2“ — 1 | n, at the same time, from the definition of SL{n) we also 
have 2“ — 1 < 2 7 , so 2“ < 2 7 , but 2 7 | n, which implies 2“ | n, so SL*(n .) > 2“. This is a 
contradiction. 

(ii) If p > 3. Assume that p a — 1 = q@, from Lemma 3 we have p = F m = 2 2 + 1, a 

Fermat prime. Next we will show that a = 1. 

If a > 2, then p a_1 < p a — 1. For one hand, from the definition of SL*[n ) and SL*[n ) = 
p“ - 1 we have p a — 1 | n, so | n, on the other hand, from the definition of SL(n ) we have 
SL(n ) < p“ -1 < p a — 1 = SL*(n ), this is a contradiction. Hence a = 1. Consequently every 
positive even integer n satisfying (2) can be expressed as 

n=(F m - 1) [] P a{p) PTP?---Pr\ 

2 <p<F m 
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where F m be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that 
P a(p) > F m , 2 < p < F m \ pi > F rn , an> 0, i = 1, 2, • • ■ , r. 

Associating (A) and (B), we complete the proof of Theorem. 
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§1. Introduction and Results 



For any positive integer n, the famous Smarandache prime additive complement function 
SPAC(n) is defined as the smallest integer k > 0 such that n + k is a prime. The first few 
value of this sequence are: 



1, 0, 0, 1, 0, 1, 0, 3, 2, 1, 0, 1, 0, 3, 2, 1, 0, 1, 0, 3, 2, 1, 0, 5, 4, 3, 2, 1, 0, - 



In the book “Only problems, not solutions”, Professor F. Smarandache asked us to study 
the properties of the sequence {SPAC(rt)}. He also proposed the following problem: 

Problem A. If it is possible to have k as large as we want 

k, k — 1, k — 2, k — 3, • • • , 2, 1, 0 ( odd k) 

included in the sequence {S'PAC(?r)}.In reference [6], Kenichiro Kashihara proposed another 
problem as follows: 

Problem B. Is it possible to have k as large as we want 

k, k — 1, k — 2, k — 3, • • • , 2, 1, 0 ( even k ) 
included in this sequence. 

About these two problems, it seems that none had studied them yet, at least we have not 
seen such a paper before. The problems are important and interesting, because there are close 
relationship between the sequence {SPAC(n)} and the prime distribution. The main purpose 
of this paper is using the elementary method to study these two problems, and proved that 
they are true. That is, we shall prove the following: 

Theorem. It is possible to have the positive integer k as large as we want 

k, k — 1, k — 2, k — 3, • • • , 2, 1, 0 



included in the sequence {SPAC(n)}. 
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§2. Proof of the theorem 

In this section, we shall prove our theorem directly. Let k and n are positive integers with 
n > k+ 1, here k as large as we want. Let P be the smallest prime such that P > n\ + n. It is 
clear that P — 1, P — 2, ■ ■ • , P — k, ■ ■ ■ , n\ + n, ■ ■ ■ , n! + 2 are all composite numbers. Now we 
consider k + 1 positive integers: 

p — k, p— k + 1, p — k + 2, ■ ■ ■ , p — 1, p. 

The Smarandache prime additive complements of these numbers are 

SPAC(p - k) = k, SPAC(p -k-l) = k-l, ■■■ , SPAC{p - 1) = 1, SPAC{ P ) = 0. 

Note that the numbers k. k — 1, k — 2, • • • , 1, 0 are included in the sequence {SPAC(n)}. So 
the Problem A and Problem B are true. 

This completes the proof of the theorem. 
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§1. Introduction and Results 



For any positive integer n, the famous F. Smarandache function S(n) is defined as the 
smallest positive integer m such that n|m!. That is, S(n) = min{m : m £ N, n|m!}. About the 
properties of S(n), there are many people had studied it, and obtained a series conclusions, see 
references [1] , [2] , [3] and [4] . Here we introduce two unsolved problems about the Smarandache 
function, they are: 

Problem 1. If n > 1 and n / 8, then is not a positive integer, where denotes 

d\n d\n 

the summation over all positive divisors of n. 

Problem 2. Find all positive integer solutions of the equation where 

d\n 

4>{n) is the Euler function. 

For any positive integer n, the F. Smarandache LCM function SL{n) is defined as the 
smallest positive integer k such that n|[l, 2, ••• , At] , where [1, 2, ••• , A] is the smallest 
common multiple of 1, 2, • • • , k. About this function, there are three unsolved problems as 
follows : 



Problem 3. If n > 1 and n ^ 36, then 



1 



d\r 



SL(d) 



is not a positive integer. 



Problem 4. Find all positive integer solutions of the equation SL(d) = 4>{n). 



1 This work is supported by the N.S.F. (10671155) of P.R.China. 



Vol. 3 



Some new problems about the Smarandache function and related problems 



111 



Problem 5. Study the mean value properties of lnS'L(n), and give an asymptotic formula 
for ^ In (SL(n)). 

n<x 

For any positive integer n > 1, let n = p^p^ 2 ■ • ■ p% k denotes the factorization of n into 
prime power, we define function 5(n) — max{oqpi, 0 ! 2 P 2 ; ■ ■ ■ , ctfcPfc}, and 5(1) = 1. There are 
two unsolved problems about this function as follows: 

Problem 6. If n > 1 and n ^ 24, then - is not a positive integer. 

d\n ^ ' 



Problem 7. Find all positive integer solutions of the equation S(d) = (f>{n). 

d\n 

For any positive integer n, the dual function S* (n) of the Smarandache function is defined 
as the largest positive integer m such that m!|n. That is, S*(n) = max{m : m £ N, m!|n}. 
About this function, there are two unsolved problems as follows: 

Problem 8. Find all positive integer solutions of the equation S*(d) = <j>(n). 

d\n 

Problem 9. Study the calculating problem of the product ]^[5*(d), and give an exact 

d\n 

calculating formula for it. 

For any positive integer n, the Pseudo-F. Smarandache function Z(n) is defined as the 
largest positive integer m such that (1 + 2 + 3 + • • • + to ) | n. That is, Z{n ) = maxjin : to £ 
N, m ( f " +1 ) p or this function, there is an unsolved problem as follows: 

Problem 10. Study the mean value properties of Z(n) , and give an asymptotic formula 
for J2z(n). 

n<x 
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